FINITE DIMENSIONAL LIE AND
ASSOCIATIVE ALGEBRAS

Lecturer: C.B. Brookes

Contents
1 TIntroduction

Definition of Lie Algebra
Simple / Semisimple Lie Algebras

2 Lie Agebras

Rssociative Algebras
Classic examples
Derivations
Representations

Soluble Lie Algebras
Nilpotent Lie Pigebras
Lie + Engel's Theorems

3 Invoriant frms + Cartan - Killing Criterion

Invariant forms

Cartan's criterion for Solubility
Cartan - killing for Semisimplicity
Jordan decomposition.

4 Cartan subalgebras and Weight decomposition

Cortoan subaigebras + existence
classification ot CSAs
Cartan decomposition of L

o

Nancy Mae Eagles

5 Root Sgs&ems

Coexeter g raphs
Construction of ot sysiems from
Cartan watrices / DYnkin diagrams

6 Representation Theony of semisimple
Complex Lie algebras

Rep. Theory oF semisimple Complex L
Casimir elements

Universal enveloping  algebra

* Tinite dimensional Associative algebras

radical
lemma

Jacobson
Nakayama's
Socles
Schur's  (emma
Artin - wedderburn  Theorem

8 Quivers
Quivers

Paiw Rlgebras
Grabriel's  Theorems



FINV\TE DIMENSIONAL LIE AND ASSOCIATIVE ALGEBRAS
INTRODUCTION

1.1 Definition of a Lie Algevra

DN 131: A Lie Plgebra is o K -vector space ond o bilinear operaion L 3iLaL SL sa¥iskyiog
(1) [x,%] =0 ¥ xE€EL

(2 Jacobi idenbity: Cx, €y, 2] + [9,027) + (2,024 =0
it chark #2 , then * & ([ wy) = -Cy,x],

[ +y, n-9) =-Cn-y, nay)

$ [a, 2] +Cx,-9) + Ty,x3 + Cy,-9) = -((x,u] + Tayl 4+ c-y,x) + [-u.wﬂ)

5> (wx) & Cx,-93 + Cy,n] + Cy.-y) = - (=21 + Cy,x) 4 Cn, -yl + Cy,-y)
> Cwx) = -Cx2): cphark 32 » Cx,2)=o

chark =2 = canlt 30y anything Purther.

Motivation:) Groups  ~~—>  Symmehies
Uie gp- infini-esimal - symmedvies.

Bxm: G = GLa(R) 15 a Lie goup . From +his, we have Gn associoled Llie Algebra  given by +he

tangent  space at ’.deni-ifg T,6. T,60 2 M,,(IR) (analyc wonifold)
nhoed e O in Ma(IR) nhood o€ | in
exp - - 6L a(R)

wnuerse = (og
exp AexpB - exp (U(AB))
where m(A,®) = Afﬁ"é CAB] + °(7l3)

where CAR) = A8 - BA & mawmx mult

(in sgmral, Siuen an associative algebra R, we can define a lie braet on R by

[R.S) = AS-SR  (alg mutd-
FACTS |
() icst appracimation 4o +the group operation 15 oddition in TG.

() (9.9 = 9.9.9. ', (3’wup Commatator)
te Llie Boker C[AB] i #he fisd opproximation  in TG o commutater  (expA, expB] in G

(3) Jacobi identity  anises from the associativity of the Group opaation
Exm G = Giln(C) (s an algebraic group ( Complex alg vaviety w/ convnuous opemam]

Then TG 2 MalC), similarly cdefe [,] > complex Lie Algebra



1.2. Simple/ Semisimple  Lie Algebras

Dfn 1.2 (@) A e sumlgebra T of L is o K-supspace of L st
¥ wyes, Cuyl I

(v) & () ideal TofL ;s a K-subspace s-t Cxyl) el VvV «e7, ye L.

nofe: dfn s symmebic acually ia x and y.
cadicaly coming seen\

Din 1.3 () L s smisimple ® R(L:=0 o in Qgeneral , L/a(L) is semisimple.

(b) L is simple & the on\s ideals at O and L. also Culy #0, % gavod 1 - dimensional case.

FACT]  Qin dim Lie alg, semidmple: dlictct prod of omple aes

will conenbate  on dassibyrg cimple Pin- dm complex  (ie alg:
b Classitrcation o Paile ok sysiens ”

ok sysiem - collecion of well kehaved combinatorial data.
Y has a S_\,mme'l'fg 310\4? called +he Weyl qroup, Which is  an example of a coxelel Grup.

Rook systems also Grise in +he representation of quivers-

A Quiver is a directed geaph ( versices and directed  armws) _C'/é\’

COn hove mwiiple dicected edoes and 1oops: ~—

A representation F a quiver:

Ossoiake @ veckor space 4o each ertex, Ond 4 linear map 4o eoch dicected odge (in the given direction).

Asseciated wWiHA q quiver You Lave a path algebra :

associahve qlgebm'- basis (wesPonding o pok\ns- (cmm&cnu’dns them)

point is, the wmodules over path olgRbra Comespoad v representations £ OQuiver.

Consider  indecomposable  representations (ie.

ones taot  cannor ve expressed as A direct  sum of two
nonhivial  cepresentations ).

QUESTION] ) Cohich quivers anly have Finilely many  indeco mposable representahes?

Answer :  Gabriel : Classify  root sysiems.

FinAlLy  FOR TODAY: run +hrough

basics on Tinile dim associative algewras.
define vodial, & cancucal ideal.

Jawbson  mdical, R semsimple <> 3(B)-o
R/ R) always Semisimele

for finite dim.  ® Artin - Wedderburn
b serisimple k-alg are diedt poducks o simple
“ simple ones 2 Mqp(D) D divien algebra.

s0es



2] LIE ALGEBRAS

2.| Associalive Algebras
recall - 2(R) : 2 X€R: ¥ yeR, *‘5“5*5.

ofn  ( associative k- algebra) ring with 1 and ®: k>R a cing homomorphism 1 — 1 ond want

that @ (K) ¢ Z(R) (centce of R)
Tdea: take an associoive

Then R is a Lie Algebra via (Cr,S] = rs-5sr. k -algebra, give it a \ie
In parkoular, Ma(K) is a Lie Pligebra associated with Gln . Bracket and tuva it laba
Lie algebra.
Check: Crrl =vr -ve =0
[renns]s (rex)s - sCrex) = (rs-se) +bus-s%) = (5] #+0%5] 4+ gimilary [ r,549) = Cr,5] + Loy,
[ 093] =[x, y2-29) = (x09%) - [a29] = wy - gax - XY + 2y

g B9 - 3vx - X3y +ryx) =0
1.2. Classic Examples

(1) mabices &£ tace =0 =:5,
is Ossecrated WA Sl .

gen ¥ Mnckj

Stn:= imm matrices w determinant 13

o\ (] [}
eq. 6(, standard notation: €=(° 0), 4”(w) , ‘k=(° f-)
votke +hat  (&Ff) =h, Chel: 2e, Chifl.-2¢

(D Gon = Skw symmetic  nxn makdes |, associaved with  Special orthogonal group Son.

000 0 01 o -l o0
Q:%- n=3, 403 . A = (:lo-:) b2 = (S\g:) ! A; i (;: g)
Then Ca,h2] = AS; CAz,A3] - A, , [As,8 - Az,
(3 Spun = convains  matviceS Ossociated  with  gymplecic  growp  Sprn O yaices

Hhat PM a non-degenerate | Shew - Symmetnc ptoduﬂ on KM -

-

e, led's say the Show- symmebic  form i3 cepresenied by 1 ( : ';l)
- nxen

— Then 8P, consisk of  mahies X st X3 +Tx*:0

(ohe,ma&.'ue formulation :  bake T = ( 0 1") )
“1ln| O

Lél.ue Mmapies  gre € form (L B) , B and C  gymmedic -
¢ [-a7

oivension @  Tpap 33 2n24N
h| B

— T this domutakion o T Qo get (C A‘) , Boand C  shen - SYymmetnc -




%) &, Boel subalgebrn of fln of wpper tvianguiar madvices
associated  with the Poel Subgjroup € GlLn Cof\sts{:ins of iaverhble upper bangular  mahices-

() gy, comsisls of Shidly upper blangular  wawites ossociated
weper  biongalar  mabiced  wikh  L's o Hre oliagonal-
(1 dowotes  nil potent):

With  ¢he ooup of

2.3. Derwations

Labniz property
Given an ossociative algebra R, we can define a Lie subalgebra o Endk(R) - /

DFn 2.1 a linear map D:R-=>R is a dervation if D(rs) =0D(r)s +rD(s)

no} multiplication bul compoSition , Since
K f /\ in Cnd. fing op. i Comp, because idenkity
ring produc- S id wep 1%, mes 4o net
a homo of R b.c. it would send 0 &2d L.

iderivah-o,-.s K—eR} forms a lie  Subalgebra of EndKCR)_’,-mm Lie algebra uia (641 = fog- gof

Clogsed undev C°1:  Let »,,D2 € Derk(R).  \WTS  Haas

[Dn.D;J e Derg(R). Now, [D(, 0] = DD, - D2D,.
Twen o r,s €R,

(D, 2) (rs) = 0y (P2(rs)) = Py (De(r)s + €D2() = (DyOYCr)S + D2(rIDi(3) + Dulr)Dals) + r(®™P2)s)

So +hat (b,Da.)(fs')- (02®) (rs) : (D.Dz 'Dzbl)(r)s + r(p,D2 -0:D))(s)
T.e (D),P2) iS a derivation.

= [by,P21(r)s + r C 04, D2)(s).

&g, DerC k(%)) = 3 £00) f—x s L) e kcx]} equivalentty:  D(Cris]) = [D0),5] 4 L, 0(5)

ey, Der (kLX,x™]) = WiH algebra  cloly relaled 4= \irasws lie algebra

mohice: rno need for R t» be comwmutative. Greomedcally i+ R

S a  Coordina ving, then +he Cerivations
(oxspond ko veckw fields.

Din 2.2 An  inner oervation of R 1S of e fom R-SR, s+ Lrs] for some veR.

lnnder (R) = 3 inner derivation s § fons a  lie ideal 1 Der(R).

Innder(R) < Der(R). Let Di€ Innder(R) and Do € Der(R). Wts +hat [D.Pz}e TInnder (R).
Now, Di(s) = Cris] for some reR. Henc,
[O,0:0(g) = DiP2(a) - DPiCa) = [r, D24) - 0. (C r12)

= [r,02q] —([ Du(v) ,q] +[r.l>;(¢)])

: [outn)e] € Tanber(r).

e Rm
(4-) Further . mr(s l\.= HH'(R,R)
Tonder (%) (1% Wochschild  cohomalagy group & R
(® PR s wwmurative,  pen Innder(R) =0 R Commutative, then Tx:9] = 2y -yx = 2y -wy=o

= only wap in Innder is O map

(3) Lie algebras arise fom cnsicering  derivations 4 dther algebmaic Shrucures.



2-4.  Representations

D 2.3 (@) A Ve algebra homomarphism Pily 2Lz is a K-linear map Satisfying

p(Tx93) = [ o), pw))

(b) A linear epresentation d a lie alse,bm L s a lie algebra  homomorphism ,DV"L - End(V)

into some
I wusv and (:V(L)(u) € W, then there is @ qubetpresentation Vector 's’:ace
you choose!

Pu i L > End(u)

{7“ (xXu):= Fv("‘)(“) ueu, xeL

(c) OGn irceducible representation S one \whert the onl3 such W are 0 and V

Exm (D ad, L = €nd(L) (udjoiq’r representaion|

~x > od(x): LsL ;, g Cayl
(«, -1
ad(0) = € =1+ 0 map:
is a lie alg. hem. ‘tecause of TJacobi- os] = 03] ong e

= °["'ﬂ
ad (Cx))@) = [(29),2) = [, cy,2]) + Cy, C2X1)

T ad(x)(Uy,2)) + ad(y) (C2:x))

* ad(2)((y,2) - ad(y)(Cx2)

ad (%) ( ad(y)(®)) - ad(y)(ad(x)(V))
= [ odx), adty)) ().

Dfn 28 : The Cenre RL = %% Cagleo :Wyelh

* ker(odd).
Fad, is injective, daen L embeds «  End(L), and so L may pe regarded o5 a lie subalgebra
2 end(L) in thit case-

Thm (o M"): if cthark =0, Q. pinite  dimensiona) L can alwoys be embeoded in Some End(V).

In fact, it's also trve in chark =P ( Twosawa)  (much harder).

Bm () ju K=R. R3isa lic algebra using the Veror produch

standard  basis €., €z, @3 . Then el vez= €3
Q2 ke-g: e\
€3 xe =¢e2
and  od il o €rd(l) T M3(R)

e\ = A, € €03
> ker(odd) =6, Tm(ade] = 5o3.

Thus , (R?, edhor prduct) 2 403(R).



Representarion: [ie algebra homomorphism '>=L - end(V). Slz = 1X2 wdldces with dace = O
e=(33), £:(38), w= (o2
C(e,6) = hy Cwe)= 2, Cwel=-2°¢
Example Z: Some representations of SE, .
linear
Take  K[X:¥] : poynomial algebra in 2 variables, and constuct o map S¢, — per (kCx,¥]) by  gending
e — x %y
g N */ox Cpee,pH] = Ux%hy, N by
W= xhx -1y = %%y (Y %) - ¥ oy (x2hy)

s % Uy - ¥ Oy

= pwW v
claim: this is a lie G\gebfq thomxphism- Cp(wY, pe] = [ %25y - Y%y ) xa/“l
s X%y - - X%y s 222y apee) v
Define Vo = span of monomials of total degree N [ PO PO e (%2 =¥ %y v 3]
s - Yy - .
* Space of homogeneous polynomials of degree n = ¥y =2 roaple) v
p(ses) (Vo) € Va dim Va = nel get subrep. P
and VU = ®&\Vn
Consider when n=(. Then 0, — End(w) ¥ M, (k)
e - (3%)
- (9% Canonical  rep resentoion
> (82
Consider when n=2. Then S€ — End(vz) T M3(K) is e odjoint representation  adse;  (check)
lem 2.5: P s€z — End (V) is imducible foc all n.
ﬂ:: let OF#U €£Vn Such thar P(slz) CW . we want 4o swow  WU=Vn. So, take o noaver
homogenecus  polynomial  of degree n :
2 Ay X'y?
itj=n

)
o.pp15 X /3Y do +his polynomial SuFFicc'ean many trmes to get o nonerm  wultiple of X" . Hence X"EW. nw

3 i) .
apply Y %x  repeakedly o get a nonxer  mulkiple ¢f other monomials X'Y) with itjen. Thus, VacCW,
So WU =Va. Hence +4he repemntation is ineducible. I:I
Terminology: representation rebers to the map, but in practice, moany refer + V 0S a representation (the
vectr space).  Brookes dends to refer o V. as an L - wedule, by analegy with usage in ring theoy,
and  Simple L-wmodules  comesponding 4o  imeducible vepresentations
warning:  definition of a Simple Lie olgebra is non- standard! Most people dort allow ¥we one-dimensional Lie
algebra 4o be simple.  With  Brokes definikion, we can observe
Observation 2.b: L is a simple Lie algebra & od, is irreducible.
Cor 2.% (o 2.5) s is a simple Lie algebra

pl:

we've Seen that

ads@, is irreducible {n 2.5 (n=2 case)



2.5. Soluble Lie Algebras

Dfn 2.8 : An Abelian Lie algeba L if Cuyl =0 ¥V xyel.

DFn 2.9: The derived series of L is defined intuitively:

=L, M= Lutd = spani(xyl: 1.3‘-'-}

rderivtd Subalgebra

LU [Lﬁ"), L(;-n] 12.

cr)

L is Soluble (solvable) f L "0 for some r. The least such r is Known as

Dfn  2.10:
derived length of L.

Note:) each LD is an ideal of L

Suffices 4o Show L0 is On -ideul ot L. . Q¢ L‘n, then 3wy el st a: Caoyl. Led
. H . (.0|‘
L(H-I\ . [L(d' L")] Caf Gell + then

o
LCxmy),2) €L sinee Cxyl, 2 €L- Lled i case hovd.

Then
V) ) and \3 Jacobi,

Li® (¢
Carle L' gine say @=Coy), wyel

(0922 = [Y.Cax)) + (%,0y.])
L) 0 o
Ll LI Ll L'
0, 6) by induckion
> Cexwd ) € (7 )

. \ .
2 L(Hrl i§ an ideal of L .

Non- zero Abelian Lie algebras are precisely vhose  of derived length 1.

Rem’ \F 3 is an ideal of L, then /T has +he stucture of a lie algebra viQ

Lemma 2-W
) Subqlgebms ond Quokitnfs of Soluble \ie algebras

(® 1€ 3 is an ideal of L, 3wen

ore soluble

L is Soluble & J and Y/5 are soluble

2]
ef: (1) Suppose L" 0, ond et T ve a Subalgebra. Consider thav

Ve tVsur it 10, shen ® I 6 50 T is soluble.

e line we see way 1

(v)

Cx+3,9+¢3) = [x1y)+7. Mence, it ,

of 3. Bur 3(si=°, so really Ltmzo S L is seolube.

i€ I is o soluble ideal of L such twat "’1 1S Soluble, +hen

Rem: (2) can partly be rexpressed as:

is soluble-

the

2el.

+hat

L ibseld

C3+x,7+4y] = Cxy] +3.

1T¢L So [I1,1) € (L,L], ond So geng down

W T CL be an ideat. 28 Lr0, pen () LT zow3e3 » (Y5)7 so.
L\ (1 (s)_ M
O] Suppose ( I]) 20 and J O For some  TiSETL . Notice 4mat ("/7) = /7 Gnce we  have
R )
( ’I) 0, = Yo So that  ochually (" is a subalgebra

]



Example © () (er L we any 2-dimensical Lie algebra .
Case @ Cwyl=0 Y ayeL and L is avelian
@ ] wyel st [yl +o0,

However, 1 %4} form a basis then of L.
L9 s span of t}f’(]":c""‘ﬂ, £y€j°
5 9 s | -dimensionally gpanned by Tx.yl.
(x)zo
But | -dimensional Lie algewras must be abelian (axiom | of Lie algebras)
So we get a derived seves L212.%=0

To Sewmmovite, in (o @ derived length =\, case ® gevived length =2, TIn both cases, L & soluble.

]

Exercise: classify 3- dimensional Lie algebras.

(T) The lie algebra SO03 s not Soluble. (Consider that we Wave a basis
Cx, Yyl =12, Cy 2] =2, C2,x)=y. Mene, L= L.

Y, 2, with

lemma 2-'2: The Sum of Ywo g¢oluble ldeals is o soluble ideal.

pf: tet 7,72 be sowble ideals. Then 73,+3: is an ideal, ond

v x . 5 L
2] I’/y‘ is an ideal ot L/S. ond is the image of 3, under the canonical wap L= U, . Hence

+3 .
el '/I, 1S soluble . Now wuse 22\ g see ¥hat J,+T2 is soluble.

let L ve any arbitawy Lie algebra and S o  maximal soluble ideal. If T is any other soluble ideal of L,

then S+I is soluble. By maximalipy, S SH+T =L, or T CS. So S s achually

e  unigue maximal
Soluble deal of L- This m™otivares fwe

Hllowing  definition:

Dfn 2.13 : Tne radicat  R(L) of finite dimensional

\ie algebra L i the maximal Soluble ideal -
It s the sum of all +he soluble tdeals.

Recall definition - L is cemisimple < R(L) =0 B L is a Finite, soluble \ie algebra,

then RCL) =L.
Exm:  Simple  Lie Agebras are Semisimple

Suppose  that L is  simple-  Then LD s an ideal o L Vi, so for each

N, dhen L is not Soluble, @nd +he caly oveer ideal of L S ©, So we must have R(L)Y=0 D L is semisimpie.

L R wme  Criimal) &,  Shen [,_(""\' “")] =9 =g But by minimality, Lﬂ-‘) = L, so +hat
Ly =o.

the definition of a simple Lic algebra. So acholly more geneally, Simple

]

L
R( ’R(L))’O since a soluble ideal of "/R(L) would pullpack 4o an ideal of L
Containing R(L)  and 2.1l would Show +hak +his was itself

Thus, IR s semisimele.-

i, Wroa L. oar ML

But  this contradicts
\ie Olgebras are not Soluble.

Now ' W general that

Soluble ond hence contained in R(L).



Tom  2.14 (Levi, proof omited). IF chark =© and L is Finite dimensiondl, +hen +here exists a Lie subalgebra

L, such that L,OR() =0, and L = L, + R
Hence LY YRy s semisimple.

Dfn  2.15: This s the Levi decomposition, and L1 is +he Llevi factor (1 subalgebra).

Rem: This does  \or NecessARIY Opply in Chark =P oc fu infinite Cimensional (ie olgebvas.

Exomple £: L = 9z men  R(L) = Z(L) = 3 scalor makrices a1}
then L = se. + R(L)

levi subalgebra

Sz is a Simple algebra, ond +herefore is semisimple. Thus, sz is Q
x X
Example 2: L = 3¢ | « %= c 3""“
0 | Sea
rr
Then R(L) = ( 01« ~) Check: Seluble ideal
0o

Lev. Subalgebr : L, =( stz 0) 2 slz X slz  which is semisimple.

\} s¢2

rem: a goluble ideal of €2 XSz would p:o]ec\ fo eath component +o give a soluble ideal & s¢. (and hence 0).

2.6- Nilpotent Lie Rigebras

DPn 2.6 = The lower centml series ofF L s defined (nductively:

Leiod = [ Len, L] (voke span of these elements)

\72.

Loy : L,

Note & (1) Ly Gre deals of L
(2) Counting Starts a+ |.
Ly = (Lot = Cutd. Twen  for ang x€Le), yel, of course 1€ L 3 CuyleCu) =Llea)

Se L s an ideal. Let
Then C%iy) = CCa0d, 9] Lor @€ Lei-y,bel

8y TJacobi, = ([¥,0),b3 + [ Lwyl,a)
€ (LG )+ (0.9 L. I:’

L(i-t) bean ideal. (et %€ L¢iy, YeL-

We say +hat L is nilporent if  Lcc) =0  for some C, Gnd *he nilprency class of L is the

least sudh c-

Lemmaq 2.1F - L‘") £ L(zn) Vn

pf:  exercise.



Proposition  (page 12 of Humphrey's) :
o ¥ L i milpotent,
LI
O

et L be a Lie Algebm-
then so are ol  swoalgebmas
Lli(L) S pilpotent,  Meen

L is nilpstent and nonxew,

and  homomo pwic imoges  of L
so is L-

tnen  2(L) Fo.

B @ it L is nilpotenr and  p:L > M i a ( wiog surjective) ke homomophism, inen 3 CEN such 4hot
Leey =0 But if L =0, +hen

Prer) = pllea ] * Cplicen), o = [ plLen), M)

Continuing onwards, ik follows #wad actually

‘)(L(c)) = M. gur pPlLea)= pLO) = 0 = Mcay =0,
Hexe M is nilpotert,  wikh

nilpoteney Class  £C.

Now suppose L nilpolent Gnd T €L is a subalgebva.  Then it's

for some C €N
D ey § Leoy =0
S 3 is nilpotent, with

easy 4o see Jaiy € Ly Vi
Bw L nilporen+ 3 Lcoy =0

nilpotenty  Class <C.

L L
) Lo T21) oo nilpotent.  Then 3 celN su ( ’*‘-C'-))Cc) 0. But by dfn of ine Lie Brucked
0N Quotients,

. Lo (usi fact +hat Centre 1s idea\, and
L = s ac a ent an )
( / 2( L))“) / (L) "

anything  bracketed with cente s xew)

This Says 4hat L) S L, gur (L) = §[
L is nilporent is jahe the \ie

xel: Ca,y]=o Vgel\l. So all Wwe need to do 4o  Show
Bracket  with one more L:
Leed =Ly, L] ¢ (D, =0

nilporency C\ass ¢ C4,

n

® L i nilpotent,  with

© 16 o s nilpotent, then 3 CeN st Lo =0, ie. ¥at [Leen , L) #b.

lee-n #o- By definition o 2AL), » 0% Lee-nd S 2(L) . s 2(L) #0.

Supposing #wat < iS minimal,

]

Example: Yn 7= siicy upper triangular nxn watrices S Jfla

e.9. N3 Heisenberg Lie Algebra

basis :

c oo

|
0
0

o o©

)
0
0

>
N o oc°
o o-—

Then CxY¥] =3, Cx,2)=(Y,2]=0.

2(U= 2 . The Heisenberg

lie olgebra is nonabelian, ond has nilpotency class 3.

Example 3: (soluble bur noe nilpotent) :
Bn = Borel = upper tviangular hxn matrices.
)

n ZMn  ba iS soluble bur nov nilpotent



72.1. Llie and Engel's Theorems

Tom 28: (Lie) For algebmically closed h, chark=0. Suppose L € End(V)

With  dim V 400
Suppose L is Soluble. Then 3 VEV, v#o, such +hat (V) = Av

for al xec L.

This  is saying +hat V is a common eigenvector-

Thm 219 :( Engel)’ Suppose L ¢ end(V) is & Lie subaigebra, dimV< o ) ond evew elemenr of L
is @ nylpotent ndomovphism (ie. ¥ welL, 3 aeN st x%:0). Twen 13 Vo, veV

such  +hat
w(v)=0 VyxeL.

An easy induckion shows we can represent L by stidly upper tiangular matnces.

Thus L €W, - In parkwlar, L is a nilporent Lie Algebra

Using 28 0and on easy inductive argument we can show that 4here is O chain  of subspuces

0 =Vo V(%. '~-$Vn=v

with dimV; =i, oand (Vi) S Vi. Such a chain

is Called a moximal ¢lag.

I we 4oke a basis o8 V so ¥war Vi = < Ry e &7

, then  we gel  dwad | s
represented

by wpper trianguwlar  matnces ond So L Can e regarded as a lie subalgebra o Hn-



B] TINVARIANT FORMS <+ CARTAN - KILLINGL CRITERION-
3.1  Invariont forms
Dfn 3.0 @ A symmetric bilinear form <-,> : LxL =K is invariant if <Cx,41,2) = <% Cy,2]0.

DFn 3.2:(0) it p:L = End(v) with dim V<eo is a representation, then

Composition of
endo mosphisms,

Cwigop = T (pa)ply))
1§ +the 4trace o of P

(b) The trace form of the ad_jom+ represent ation ( when dim L < °°) is the  hilling porm.

lemma 3.3 : (i) trce Porms  Qre  iavariant symmetic  bilinear forms .
G 1F J is an ideal, }then j"” 921 & n,Y> =0 VUGJ} oand for an invariant form <2,
ten 3% is an ideal. TIn parsicular, LY is an ideal of L.

ng : Ex: (1) use +hat trace is javaviant - +_r([a,bJ,C) = tr (ﬂ'CW-J) V¥ a,b.c € end(V).

() te(Caple) = tr(a el yoabic € endv).
Cable = (ab- ba)c : abc - bac

and alb,c) = a(bc-ch) = 0bc - qach

gut  tr(ab) = drCba), >  tr(abc -bac) = 4 (quc-ack)

(i\') it T i an ideal, ek 3* - s{'*'- {n.9>z0 ¥ uel}. Lot xe’J*, yeL. Then siace <7
is invariant, ([2y], 2> = Cx,Cy235 =6 sine x€3 - 5o [nY)eI* 3 T s an ideal.

Rem " There may be ower invariant forms +hat arent  trace forms.

Thm 3.4 ( Cartan's criterion for so\ubnnj). Let chark=0, gnd L be a Lie subalgebra of

End(V), dimV<oo. Let <,> be tmce fom of the embedding p:L 2 End(V). Then
L is seluble &> <%9>p =0 vxer, gye L

(.r(xg\ <0
Thm 3.5 : (carl—on - killing critevien g, semisﬁmpl\'cﬂy). let chark =0 . Then Cartan solubhlity for repns:
L is  semisimple ¢ The willing form < -,->0d is non-degenerate. P: L End (V) , dim(v) <o,

charlk) zo. Tnen
Note: 35 is fundamental in tne dewelopment of the +heoy of Semisimple Lie Algbras.

pL) Sowmble & Cwiy?p =0

MxetL
Lie = (.9 > (3.9) ge 10,

Note: 3.5 CAn be Used fo  Show a cesult about derivations  of semisimple Lie Algebras.
Din 3:6: A derivation o a lie algebra L i a linear map L = L such that
v(Cx9)) = Cx, 9] + Tox,yl

Inner derivations are of +he form ye— - vJ.

? Inner derivations } : ad(L)



Tm 233F f chark = 0 and dimL c e, and L is semisimple, Jhen Der(L) = ad(L).

Gimpie: L has no proper nondvvial
deals
Some  proofs : . - iy ALY
Char(K) =0, il > Ed(). | Solude > (g% *O semisimpe:  R(L) T o, basitaVy
\ XL, yeLo S of all sope ideals of L. And so

(3.4) = (3.5) R(Y =0 means thal L is maximally
T L sewsimple D L5040 nondggeneraie. insolumie In  Some  senge.

proof - L fiaite dimensional, chark = 0. R(L) radial, L* = octhogonal  space  wet  hilling  form
= (= #r( ad(x)adly)) =o V¥ yelL)

Composition of waps.

Suppde 3 is an abelion ideal of L. Take x €L, yel. Then ad(y)) € T and ad(x)ad(y)(L) €]

iE %, EL S ye3, tnen
[y*) €T yauet ad(9)(¥) = £y,21 =j€ T, ond

sine 3 is on tdeal - Since 7 15 an’ ideal) (x,i1€ 7.
abelian:= Yxmed, Cxiy) =0

Since I is abelian, 0d(y)(3) =0. Henee, (ad(x) ad(y))? = ad(x) adty) ad(x) ad(y) <o, Hence,

ad(x) ad(y) is o nilpotent endomophiom o L, and So was ir (ad(x)ad(y)) = 0.

remember we're dealind
with symmetdc bilinear™ forms

Thus, {%ydad 0 W xEL, yel so, 3C LY. gwr if R(L) #o, it containgt Q nonzero abelian
{deat JctL (R (L) i seluble, take 1ast noatero +erm in  derived Series o R(L)). Se if R(L) #o,

o L  #0 i equivalent 4o
‘|’h¢n L o . sayfng +hat ¢,

degenerdies  Somewhere

r R(L):=0.

We proved <, >ad  non-degenerate, then L is Sewicimple.

The converse is @ bit moe complicated.  Suppose L is semisimple, and  set 3=L", on ideal o L.
Consider ody :L > end(ly and +he image adu(3). We have Cby assumption), tr (ad(») adty)) =0

YxeJ, yeL sine T LY. In porkaular, tr(addadly) =0 VxeJ, ye 3. (sny ot 3°¢0)

Cartan's solubility cnitenon  (34) 2  0du(T) is sowble. Nme  thar (ad(:))“) = od (3™) since od isa

lie  algebra  homomophism. But ker ad, = 2(L) = centre o8 L (Commutes with ewengthing), wihich
5 on Gabelian ideal. Bw by  Ossumption, R(L) =0 > kerad, =0 Sine (L) CR(LD. So T L od (3)
Sine odu i§ - injective. Te. T is soluble. Hene, T < R(L) =0 y and  +hus tt=0 % ¢,%ad is

hondegenevate. I:‘

My version of proof

Suppose L is  fia. dim, Chark=9 . Depote R(L) = radica\ , and L% twe Othogenal space Yo L

wrt +o killing form. Remark 4hat <> is nondegemerate Lt=%0}:

tt: Txel @ ¢ xelL: <%, 4%ad =0 V‘j‘-‘-}
Txel : trladadty)) =0 V‘JGL\

Composition

Suppose  <'/7ad s nendegenevate. We wamt 4o show dmat L is  semisimple (RCL)=0). We'll prove the
Contra positive :  R(L)Y#0, ¥nen Lt 7o. So  suppose jastead +har B(L) #0. Siace RCL is Soluble
(bg dfn  is +he moximal sowble ideal)  tren it Containt @  ponters abelion ideal I € L-
n) ) .
R(L) ssluble » 3IneN 5.t (&(L)\ " oso , N minimal.  Hence, C(REL™M, RO V] - (R(L)"“) =0
5 RO ¢ L s avelian (and Obvs. an ideal of L)

by indudion + Tacobi we see that
14)% an ideal of L Yi.




So L Contains O nonierm abelian ideal by minimality of - yoever, Consider he  llowing:

let wel, Ye3 . Then ad(_g)(-u.) = Twy) €3 ., So adwdL) €3 |, and again ad(®) adP(L) ¢ J. Siace T

is abelian, ad(g) (1) =0 . so (ad(x)ad(y)? s such +mat R any t€l,
L semisimple ¢ R(D <0- (ad (») ad(9))?(2) - ad(x)ad(y) w) .
RW) 40 ,4nen 3067 sk e3 > (ad() ad(g\)\ =0
O RENT (R(L)S" D 4o, k—_\:"*J
. a;ﬁgﬁmd‘ ""W:‘”'Z“m/ e > ad(x) adty) is pilpotent ende oF L, and
e e D ¢ ved nondegrnrmie
2 }, ;ma dagenanrc ,,fj, So hoas tmce = O s = ¢4

Hence, <%,9%ad =0 N weL, ye 3 > 0% 3¢ LL . Soe L.L"'SW} 2 <, %ad s dgagneraie.

PETIL)
D, Luyredt ©

This  proves 4hat  C-,>ad nondegenerate > L semisimple. S

w by Cartam kil b

»edlD) € RO

Now let's prove L Semisimple & <-,-Yad  nondegenerate. Llet 3 =L we want 4o show +that 3= 0
Wt R(L =0. we can do twat if  we Shw I < RCL).

Consider +he map od,: L = end(l) , in particwar  the image ade(3).  Siace 3z LY, by

assumptio Uxe3d, yelL by d(=x)ad(s)) = 0 .
prion + 3 A s)) ¢x)9%4 20 ¥ ze7, 9e7V¢L

7

Carran's cviterion for solubility Says +hen +har  0do(7) 15 sotuble. Note  +har (‘ad.,m)ti) < aa._(?‘“)
Since ad S a Llie algebra  homomorphism-  But  kerad. = Z(L)  which is an  abelian deal.
The centre s then soluble, so  2(L) £ R(L) . Bur by assumption R(L) =0, o Kerad. = 2(L) =0.
Therefore ady s injective = T 3 adu(7) ( iso & its image undev adl) . Siace ad, (3) s
soluble , then sSo is 3. Hene I ¢ R(L). But B(LY=0= 7=0 = |t =0 = {,7ad is nondegenerate .

6) ) . )
(ad(T“ o = ad‘_(J“)) 0 » 39 kerade = 2 T RlL) so » TPz0 = Tis sewble I:’
‘ o 3¢ R(L) =0

Fat:  In generdl , for  finite dimensional L, TR(L),R(L)] ¢ L* ¢ RCL) , but (T ond R(L) need not
u +he same - we  ghowed  Haar LT € R, pus wrav alout crW),RWI7 e, sy Lagle, e R, e 2Ol T

Lie/ Engel = (3:%) | for olgebraitally closed K,  chark =o0.

Pfaf: wWTs - L<End(V) Soluble = 4 (2y)=o VW xelL, Y& L. But his  Follows Quickly fom +he comllany
of Lie's  Thm:
L souble = I basis ©oF U wrt which L s represenied bY  ppey
biangular wakices: L € &,

Q) .
2 L € Wa = skicly upper pvangular makrices.

¢ xNECL, ye L") , then 1y Lay e  entries on \eqd-'ng dl'agonal = -Lr('xs) =0 ‘d x€L , Y€ Lm.

hrgumenl» for converse is wmuch wore complicated. BSsuming e tace condikon, W€ want 4o show L i3 soluble.
b Hwat i enough to show  +hat L s nilpotent.  We want Yo apply Engel (2.19), Qnd So we heed
o establish +hat  elements of L) are nilpotent endomorphisms. \we'll need Some  preparatony linear Qlgebra .



Dfn 3.3 : x cEndv) s semisimple & @ is diagonalizable.

¢  minimal polynomial is a product of distinct linear factors.

Rem » 1) if =« is semisimple , x(W) € W Ror a Subspace W ¢V, then | wiW2IW s sepisimple
2) i WY semisimple and oty =YX, Hen A,Y are  Simultaneously diagonalizable, and Xty
is also  Semisimple.

temma 3.9 ( Jordan decomposition)
For 2 € End(V),
(M 3 unique x5, an € End(V) with x5 semisimple, xn nilpotent , and  an,Xs  Commute , and A= s * Xn.
(? 13 polynomials  p(t), q(t) with =™ constant term such +hat  As = P(x), and Anz q(x). So,
Xs , An Commute Wwith all endoworphisms that commute  with .
(3 I uewev and %(W) S U, 4nen As(W) S WU and (W) SU.

Dfn 3.10: s, An are colled Yhe gemisimple and ni| potent  parts of % regpectively.

2‘\ 2 ol
Exm: if 2% is represented by (°,\') (Jordan wnormal €om) - Then As = (o."o) ) Xn = ( ‘-."-.)

Over an algebmically dosed Field, we know thak % Can e represented oy its  Jordan normal form ,  which
we can  split  ina similar fashion. T4 is Yhe uniqueness that is havder o prove.

(a poly in X) 2 ho Consiant term.
ot 39 () = (i) immedigtely. s =p(x), & UWeu, then p(x)(WIEw 5 ()¢, Shmilarly for 0
pfoof ()  Let M(£-2)™" be e characerisic plynomial of %, and \ = ker(x —’A;L)Wh for eath i
(ie twe oenevalived i - eigenpace ) V=@Vi. paritions V-

Then  the charadierisht  polyromial o "lv; is (4-2)™.  Tind «a polynomidl  Such  t+hat
pt) = 0 medt, plt) s A wad (£-2)™ . This exisks by  Chinese remainder heorem.

DRFine oe) = - p(+). Set As = p(), 2n : q(x) . Then p and q have 2ero Cconstant ‘erm.

since plt) 20 mo t

s D
on Vi, - Al Gds like o mubliple of  (m- )" , and So bevialy. Twus Vi is on eigenspace

b w5, e ws is diagonahoble (Vi s e 2 -eigemspae of Xs). Al nee  Awaa  Anz X3S
acts \ike A -2il oa Vi and hence nilpotently . Thus  xa is  nilpotent.

Uniqueness of (i) @ W X =s+n, s Ssemismple and n nilpokent, then pn and < both commuie  with x, and
hence  with s and %n.  So Considering

g =S T hn-%An

ot sides  are Semisimple , and nilporent, So iney yyust be ter! Hence A5 =S, an=n. So unigqueness holds .

.. ]
3f L(') s wmilporent, waen 3 a c ¢cN st (lm)cq =0 » (L )(z‘) 0 . Bub fom example sheet 1,

. 2%)
(Lm)(m € (L”)(zm) ym > ) o

<
2 L(l H) =0 cay

semisiople and nilpolent  elomen =o:

Set x, = p(x), x, = g(x). Since they are polynomials in x, x, and x,
commute with each other, as well as with all endomorphisms which commute
with x. They also stabilize all subspaces of ¥ stabilized by x, in particular the
V. The congruence p(T) = a; (mod (7—a;)™) shows that the restriction of Semifi MP\Q = diasomb'\\able, - QI'WINA‘\’G-‘ o Mamx
x,—a;'1 to V;is zero for all i, hence that x, acts diagonally on V; with P2 ith eigenualues sa
single eigenvalue a;. By definition, x, = x—x,, which makes it clear that x, V\\‘ olent - + w . 9‘ \
is nilpotent. Because p(T), ¢(7’) have no constant term, (c) is also obvious P \ d\osu‘q

at this point. l 2ero mabA -
only eigeNvalue
Y egtival 5



lemma 3% If x€lc End(v) , let s ond Xn be the Semisimple / nilpowent parts. Then  ad(xs) ond ad(xn)
are  the Semisimp\e /nilpstent parks of ad(x).

sum of all soluble idealsia L,

ond ¥ 2yg 2(L), (xy) =0 siace avelian
2 AL AW,
Remark: i L s semisimple (oand So (L) S R(L) =0), we hnow +nat

LY ad(l) S End(L). And we can
say that x€L i Semisimple  #  pd(w) s

Semisimple -
Pf:  Firsk, obServe +hat An S nilpotent 3 ad(=xn) is nilpotent:
a map G(a:End(V = End(v) ,

yr— yan.  Then @(xn) ond O(n) commute,
Since An™ =0,

Suppose  un €L € End(V) with A" =0 for
Ssome wme L. Define

g = %nY (with Ccomposition) | and  ©(xn):End(V) — End(V),
and ad(xn) is the resticien of G(xn) - 8(%n) 4o L.

we have that 5(“") =0 = &(*n"). Consider then #nat

(adCen))" = ( §lan) - 8Can)| "

=0 for r7 2m-l
nilporent.

using fact wat B (xn) ond G(xm) commute,

ond expanding by Binomial *weorem.
So ad(ma) s also

Notle Haat As ,%p  Commute > 0d(%s) and qd (=n)

Commute. But ad is q
I+ remains o show 4hat ad(~s)

is  semisimple. The Ffact ¢hat
maps ©ij € End(V) |, vi ¥ Vj
mabix.  Notice  that 15 03(Vi) = V] )
Tows  od(xs) (85) = (% -a)ey - 1a
we Wnow thar

linear map, so ad(x) = ad(xs) +ad(zxn).

As is semisimple I Dbasis of eigenvectors

Ny wxsCw) = AV say. Define ,ond Vg =0 {+i

Corresponding to On elementary
s 0ij(vp) =0 . Mso moe waat  @ij xs (V)T NV) g ws(up) =o.
8i) form a pasis  of eigenvectors of ad(®): End(V) = End(V).  Thus,

ad(xs) is diagonalizable, and Sv its reskAction to L € End(V) , ad(x)|, L>L diogonatizavie.
So ad(xs) is semisimple.

xs(vi) = AL Vi, define 6 € End(v) , vite>Vij |, ver2o ¥ g4i. Then -y.,Oij(vi\ z -u.s(v;,\z 25Vj

, and
ad(xs) (05) = (s, 85) = %305 -8ijx,

LT Qij(VQ) = % (a) z0. Then

ading en Qny Uk, = (565 - 65 2s)ve)
T wg Bi5(ve) - B (Awve)
= 2 8 (ve) - 20 8ij(ve)

= (v - )8 ]

When ki, twap 20 . When (=i, —_—

Lemma 312: et A and B be subspaces of End(V), with

AcB, ond let T=1teEndv): (¢,8] cAl
let we T and suppose w

satisties Er(wt) =0 ¥ LtET.  Tnen w is nilpetent.
pf: let w=: wst wn semisimple/ nilpoient parts-
of eigenvecrors of ws, ws (Vi) = Aivi.
ad(ws)(#ij) = (3-2)85 as  befoce.

P E->Q

Wwe wont 4o show Ws=0. Pick Vy,.., Va
Define  @ij asr in  +the previous proot of
Assume ws+o0, then Ji st
o linear fom  Ond choose

a basis
(3.1). we have ‘hat

Ai $0. Let
it 4o b8 nonaen. Set ylui):= £(ai) v

So ad(y) (05) *(F(%j) -#x) 05« (£(2-%))8i. by linearity of § Ler r(t) be  polynowial with 2em
Constant dferm, so +wat Y 2j-A) = (2 -33)

E= @ - span of a,...,3n,

Vij. Then adly) <r(adCws)). gy 30,

ad(ws) is +he
a polynomial in

by temma 34 Gii).

Semisimple part of ad(w), and is

ad(w) with Zewm Cconstant term
So adly) {5 aiso

such a polynomial  expression.

Bt weT omd so Cw,Bl €A e ad(WB)SA. So oady)(BICA

and so  ke(wy) = 0. But  trlwy) = Z‘a:m;) )
ZEON) 0. g ) =0,

. Bﬂ supposition  te(wt) =0 ¥ teT.

But £ is licear ond So applying £, we gek
and hence £ has o be +the ero form .

So Ws =0 , ie. W iy nilpolent.



Thm 3.4 ( Cartan's Criterion  for solubility) - Let chark=0, and L be a Lie suoolgebra of
€nd(V), dimV<eo. Let <% be gme fum of the  embedding p:l > End(V). Then
L*\ L is seluble & <>, o VxEL, ye LY

Now back o +he proot of 4the Cartan Solubility Criterion (3!

We're  tjing to Show that the trace condition implies colubily. We'd ocbsewed fhat i+ war enough to show hat
the denved supalgebra L consisted of nilpotent endomophisms.  Suppase  AHS &t ¥ holds.

Toke A= LY and B=L in 32 So T= LteEnd) (6,10 €L} wohice thar L°C Toas LY
{s an idea\ ot L . Re call L is spommed by (0 2) , w,2€l. et teT.
but  4r ( [x,2)%) k'(:[*\_'ﬂ) =0 by assumption ( <1/37f: o ¥ NEL, ye Lm\
L Tt\\
So tr(wt)=o0 ¥ we " , and teT. gy LT and 5o w s nilprent Y we by 3.2 I:‘

Prok of Engel's Theorem:

Thm 2.1 :(Engel)) Sugpose L € end(¥) is & Lie subalgevra, dimV<® | and evew elewent of L
recall: is a nilpotent endomovpism Cie. ¥ wel, 3aeN st x%70). Then 3 V3o, veV such +har
xlv)=0 Vyyel.

Proof by induction on dimtL.
eigenvalues are ew:
r—: L]

Clearly Hwe wwen L =0. f dimL=1, then L =<%x7. Then =« nilpotent = %XV =0 for some v 2o.

Suppose dimV»2 and assume veswh holds for smaller dimensions. Let L, be a woximal (wr. proper)
Subalgebra of L. Note that diml, »1 Sine <x> {5 a Lie sabaigebra fw any xeL. Siace L is a (Lie
Subalgebra, we can define w: L, — end(‘A) ; A (yrL > Cxylt u).

Note  that dim Ti(L)) ¢ diml, £ dimL. M oreover, (L)  comsises of nilpolent endomorphisms (similar argument
Y0 one used at the beginning  of 3-h). Appying  the inductive hypothesis, 3 y € Yi, (1) gucn Hhar
W (y+u)= 0 ¥ weli.  This implies [xy) €l ¥V xer, (¥).

Note $har 5¢ Li .« So Li* 497 s a lie subalgepra of L and Strictly contains L1 . But by moaxim ality o L,
L €92 = L. BlSo, this shows L, is an ideal of L.

this dme on Lie ideal (subalgebral) Ly
Using  induction again, 3 u#o €V such wab  av)=0 Yxel, . Let Vo =1 veVv : x(v):0V xely #0. Then
3(\lo) C Vo 4o see Hhis, nore:
wCy(v) = (Cxy) +yu)(v)
= (ayde) + y(xw) [wy) € Lo by (¥

= 0 +y(o) =0. and (W) =0 Y xely-

Pnd $o, 1(3(\:))6 Vo for ol wE€Li. Therefore Vo Contains @ 0% Vo with g(vd =0 since yl‘., 1S nilpotent.

Thus, L(Ve)= 0. So we're done.

Rem: There's no restvicdion on +he  Field: |:|

Basic idea: e wMnow L = L, +4Y?, where L¢ is some maximal proper subalgebra of L, and Y s some

endomorphism given by the aveve apument Now, by indudcion dim(b) € dim(L) 3 3 y4o st YREL, nlv)=o0.

We then ook at all the possible noneers v khat Savisty this, Vs Juto eVv: x(W=0V 1eL\§’ ond

then show +hat 3 Ve Vo st 4(V) =o too. Since L =L +Ly7, = w(v)=0 VY xe L, praving +he claim-



Proot of

lie's Theorem (2-8)

Recan: Thm 248 : (Lie) For algebmaically closed h, chark=0. Suppose L € End(V) with dimV 40°.
Suppose L is Soluble. Then JVEV, v#0, sucth +that x(v) = AV poc all welL-
Rem: dealing  exclusively  With al gebmically  closed fiad, of chark zo.
otherwise we'd get
Prof by inducting on diml: Cleacty  Wolds for L =0 v Stk i a loop OF CLv) / Caylzo ¥ xy € A,
Pssume  dimL 0. Tnen L sewble S (P L . Nore that "/ is an  poehian Lie algebra, So any
L
Subspace o6 I is an deat of YA Tage L Ly $L ,sothat dim( /i) =1 . Nowe nar
L/ o L
W s g subspace of 1\ inerefore  gn ideal , and herce, L, i an ideal in L
s L
'/L“\ is a subspace of /L(') ,and ‘- an ideal. Hence, Li IS an ideal in L:
wote  thar  if a€cl,, andyel, then (w9 e Ly since
[ e, (ge )] = Cayd 0
and Ll i abelian Lo+l o g e )
Use

= (x,9) e e » Cx,9y] € L.

induction 40 see 4+wat L: Was Q Common eigenvedor,
is a linear form.

A(v): 2xV Y EL:.

The map A+ 2« , L =k
Let W= T wev: Wz aqw ¥xeld 400 gine VEW. Think % W as a " (ommon eigenspace”.
Lv is of codimension 1, So L =

= L +<Y? for some yeEL.

We'll  show +har L(W) € w-
Certainly Ll( W)= Ww \;\J Construchon, ¢p we ust need 4o confirm  4his for ) : B(W)s W. But
ACy(w) = (Y + Cxyd)(w)
T ga(w t Cxiyd(w)

y(Axw) + [yl

M YWt D)W since Cay) €L, (L an ideal)
We'll gev what we want if we can show  Auy) O Then  ylw) € W.
Take Some weW . w#o, and let Unz Lw, ylw), o YTTWY L ghen Cw> T Weg e g mush +erminate
A mme U, bwup e thar it Wa wos  basis W, ytw), oo Y (linear  independence).
We'll  Show that L, leaves each Wn invariant  (if Li(ua) € Un).
Now, U, = <w? ,ond W = 2xW € Uy
we Saw Xly(w)) =

V w el
gtx(w\) L & B )]

So the beginning s obviouss  Tor Uz, U2z Lw, ylw)d.
Y F Al W € ua.

ConNnuing onwards,

we Qet bt on Un, using the Given bassS, A is vepresented by an  upper Hiangular matrix
An Acwyy ---- aceess  &op you geb
. o Mn 7(-.'.’-" %[.’."’],’] )
0 -



Thus, % (un) © Un  for each €Ly , ond ""‘un iS represented by O mokix of bace N Ax.
Observe +wat  Uc is lavariant under y @ Y(WUr) € We.  Thus, Wr s invanant under | = Ly #<YD.

Notice  bhat  Cx9d |y, s cepretented by a matix of trace T Acay) (vecause [y € L)
Bt C(2y) [ur must have  trace e, since  Commutators  of  endomorpWisms  have tvace ero.
But  chark = 0 3 Acayy 0, &S heeded o (omplere +he prof :

W is  invarianw  under L. Because K is qlﬂebnai(qlly cosed, 3 WEW , w40 an eigenvechr
for Y- This W is a (ommon eigenvector £, Al of L. |:|

Finally for +wis  Chapter:

Poposition  3:13: Ler L be a finite  dimensional Lie algebra, Chark=o.

O € L is semisimple,  then L is a direct sum of monabelion, simple ideals.

(1 i\ 0+3 is an ideal of L = @L;, +hen the ideal is o direct sum of some of twe Li
(® it L isa dicect Sum of yonabelian Simple ideals, then L 15 semisimple-

Proof : (1) induction 6n dimL
ler 3 be on ideal in Semisimple L. By 3.5, the killig form on L is nondegenerate- The  orthogenal
space I i3 an ideal (Qu) . 14 particular,

dim3y + dim3* = dimL r’
But JN3t is Ssluble oand an ideal (bg Cartan  Solubility criterion, 3-%, applied to ad( 303Y)), and So
iS zem, sSince L IS Semisimple. Henee L = 3@3%  Note #hat any ideal of J is an ideal of L,
amd  Similarly for T'.  So T and I* Qre bow  semisimple.

1. - . .
and 7 i wEL 5 <%, 874%0 VyeTy , the or#hogonal space wrt- twe Killing

T is  semisimple,
M. gut

form. Conan's  golubility omlevion says that K:T TaT' s souble i < YyVadz0 Y xekK, ek
(a) K(l)g K gace K is an ideal ( simple cac) ; ond 2, weh, ye K“), &3 and gye 3" )

an o 3 { *.Y%d=0- vence WK is soluble. Since INI U a soluble deal o L, D InIt C R(L).

But by assumptin L s semisimple, so  JoTt s RV =0 A TJaz* -0 L= Jest.

Piso, any ideal MGCJ is an deal of L: Hus @8 true because of +4he splitting. For x€ MG 3,

then ¥V e L, we can wire x= %o *3%y, where o€ J and 2 € TL.  {pen

[-n.,%] = Cx,%0) + Cx,2

Now, 0€J and xe Mz Cx,xleM. and xeT , x,€T% gnd 3.3 povn idedls means +hat

/
Cuwu) e€eJagt 20 Ta, 2] 0. Thus (xit) € M+tD = M d xEM; 2E€L D Miy an ideal in L.

Hence R(3),R(I*) € ALL)  (sum of ah soluve idedls in L, and if say K S R(3) is sowble in J,

then it is soluble in L o » So L semiimple D T and T* Semisimple ‘too.

Sgnopgis . indudd o dim L.

1) it L no simple, 3otd €L ideal

®1t:- L
218y <)->ad rondegenerdie , ) .
3) | semisimple > T semisimple

Wif MeTL, nen M L.



By inducton, T ond T are  dicet sums, o desired.

W T¢ 3nL; =0, Men LLi,J]) =0 gGisce Li,J are ideals, Oond hence
that  Li has zem cenke).  IF 34l #0,  then he Simplicity
“e’l‘e 3 =|_?c_] Lj .

e .
T¢ jaibs (wetre using
of Li > JInLi=L; > Li<¢T.

(W) 1 L is a direct sum of von abelian simple ideals, wen by G) , R(L) will be o dicect sum of
Some of the Li. Bur R(L) is soluble, and S0  cannot Contain nonabelian , simple ideals: So R(L) =0,

ond hence L iS  Semisimple.

Suppsse J i a nonavelian,  simple ideal of K. Then 7 only has ideals o and J. Plso, nonabelianness
implies  thak 4 xe3I st [ 3] *o- Hence since C~,3) ¢ C3,3): —;“’I o 3V 40

and i an jdea] == 3 =T, wida s not soluble. Bur RIL) {) soluble, so ¥ wusk be
wal  R(L) z0-

B cARTAN SUBALMEBRAS AND WEIGHT DECOMPOSITION

Throughowt, L is Finite dimensional over €.
identity moap
nr
Dfn u: Lay = 1 met: (qd(g)-;\t) (x) =o} 5 the sgmmuud A- eigenspace for ad(y) (gze).

Note: ye Lo,g Siace Cyyl =0 . we \write L,,,, 30 if A is nor acttually an eigenvalue o adly).

Nove:™ L = ®Lay is a diect sum of generalited 7 - eigenspaces.

(By Primary Decomposition Theorem)
Sum over all  A'S.

lemma  4.2:
(1) CL‘A.\),LM:"] ¢ L'Ju-M,u,

@) Loy s @ Lie subaigebra

s % derivation /() proverty
of: (@) is immediate pom 1. ° -[ Loy, LowJ € Lotny = Loy * @rjhmmhj-
(‘) Consider (ﬂdfy) = (3+M)£) [!l%] = ad@y) (T2,%) - (2+a)i (C2])
= [(odty) - 20) =, 2] + [ %, (dly -mi)2) + Codt 2] £ (%, adiy) (0] - 204 - ut=,d

= [ad()(x)13) + Ca,adlg)(WV] + (-2%, 2] + (X, -M3)
= [lodt) ~N), 2] + [, (adly) -M)(2)],

and so (ad(y) - (2+u)i)" Cx,2)

= ¥ [ (ady - 2t)' (), Ay -.M-i).‘i,]

Loc SuMiciently larde n et  werms all vanish.



|'+j:n

s» 2 0 -
Hene, ¢ %€ Lay | € Ly,y, Hem C(v,2) € Lasuy.
Leey = 0 For ldeﬂ“ser
/v sowe CEl A

Dfn w.3: A cartan subalgebra (CsA) H of L is nilpotent ond self idealising: T‘N- : CwH) € \-\1 =H

Theorem 4.4 (cCartan) [ Eyistence of Cshs )

H is a Carton cQubalgebra & H is G minimal Subalgebra of +he fom  Loyy.
Al CSAs have the same dimension

Thm 4.6 ( nod poved tere)
Any twe CSAs are  (onjugate under the group of Owomorphisms of L, Whith are generated by

2
Q'““") = ] 4+ ad(y) + (“:(“m ...

with  ad(y) nilpotent (2. Finive Sum).

Tam  u-F (nor proved  Were)

The ser of regular elements ( clements YEL st Loy i3 a CSA) is Connected.
Te.  2avishi dense, open  guoset of L

Exomde: L= s0, we (020, e=(8s), £:(3%) . cCetl:w, Cwmel = ze, Lu,e) =2F.

Then Lon = <hy, Lz,h = L ey, Logne: 48>, And L=s¢ = Lclh"' Lg, t Loz, , ond
[L7,hl L'zlh] <

Lom:  Further, Lo = €hY is @ CSh, clearly camt have angthing Smaller (it minimal)-
Noe: ' Lo,y i aways  ponzers  Sine Y€ Loy in gemeral]

Theorem 4.8 - Ler W be o CSA of a gemisimple L. Then

® itis a moaximal akelian  subalgebra

® every element of K is  Semisimple.

@ The restriction o the hilling  form <) %ad o L 4o H is also nondegenerate-

Prook: © H=: Loy  for some Creguior) Y by 4-4. Consider ‘e decomposition L = Lo,g@(,s';,""lﬂ)

By w2, > [Lla,y,lay] S Lacany. So  kake we Llay |, ve Lu,y, with 2+M #0. Then oppying
ad(wad(v) , wyis maps  ach generalixed eigenspace o o different one.

So trCod(uw) 0dv)) =0. Thus when wtr#o, La,y is odhogenal 0 Lu,y wrr Hee hilling frm <) ->ad
Se L = Loy ® (Lay+ L-a,g) ® ( tne resv of the 9uys) {5 gn othogonal  direck sum.
Buy cavkan - Willing (3'5) = <, Vad is nondegentrabb (we assumed L s sem‘,;'"nple\

So s restricion 4 @ach diret  Summand is non degemerate, ie. the  restriction 4o Lo,y is nondegenerate.



® n nilpotens (fom dfn ot CSRs) ,

B wetve )“3‘ shown  that Hhe restriction 4o H of Ly Vad s nmdegmm. Hence “(\) -0.
That is, H is abelian. (w,M) =o.
Lo+ < 7o | 2 Laet: Cot'v)
To see wmoximalihy: W= Lloy fx some ye L. Twen H = Loy? g xeL: Cg,z]=o} 2 H since W is  abelion.
But if  Hi > H s abelian, +en  H, Commutes with y (sine yeH) and so W, =H.
su, e Tarel:lyrl=el ¢ 4 o w=h
@ Take AEH Let %= Astxnm be He TJodon  decomposiion of XA IF h  commutes

With  x, then N commuies  with %y and oy (adax S injective).

Recall  ¥hon odx = oadxy + adxg nilpotent / semisimple  compenents. semismple = dicgonalizable.

Wwe know 4t H is abelian, and 5o commules Wit ¥ AEN, ANd pepce H (ommutes  with 2n too.

But if ~n 4 H, then H +<In> is an dakelian swoalgebra of L rarger than 4, o contraclidion by

the moximality of H. S an€H

0dXn nijporet > ad(h) ad(xn) s ailpoent  (Using  Cormmutalivity)
= tr CadCh) 0d(=n) =0 nilporent  maps  have trace =0
> < hitndad =0 V heM.

Bur  wn€W  ond wee shown +hat  the  reshvickion <:)-%ad +o H s Nondegenerate ,

So it must  be that An =0. Hence "= Ay D AN B Semisimple. |:|
lemma  4-9:  (converse of 4-3). let H ve a wmximal qbelian subalgebrn C L , al of whote Qlements
are  emisimple. Then H is a  Cartan  supaigebru.
yf: H s abelian = H is nwilpotent- QI left 0 show s Sel® _jdealising : e {xe€H: (x,HISHY = H.
I CxM] SH, men me Loy YyeWw Bw Y \s  Semisimpe, ond sv Lo,y is diagonalisable -

T.e. Loy s +he 0- eigenspace for 0d(y).  (mor jusr +he generalized eigenspace)
Since  H is awelian, if (2,M] €H, then V¥ yeH, Cuyled = {9, Txu]] =0 5 xc Loy.
So % (ommutes with y \ yEH. A so H+ L3> js an qgpelian subalgeb@ - Mavimaldy = ALEH.
Thus H is selt - idealising
Remark:  Some oquthors  When just  talking  abowt semisimple, Oefine  CSAs as  Mmaoximal
abelian  subalgesras, ol of whose elements are  semisimple.
Corollowy  4:18 (ot 4.8):  Regulor  elements o Semisimple L are Semisimple.
of: Y regular =) Loy CSA
BW  YC Loy = yYis semisimple by 4-F

D) -
nilpotent 5 sluvle (WM Dqq =0

Cartan solubility (3-4) = ne s orthogonal 4o H  wek {-)dad-



Now Suppose L is a semisimple Complex Lie Algebm:- Take H s be a CSA, with basis  h,.-- hn-
Pn easy inductisn 0n the dimension of H  Shows that L decomposes s the dired sum of
Common  eigenspaces  for  ad(H). need 4o think of prook.
(using  +hat  Gd(H) is  obelian, ond elements qre didgonalisable).  Each such Common eigenspae
is of the fom L«
L 2= § wel ad(h)() = a(W)x) N heH) cother than £ixing on b and leing % ran Shrough,
: . . 3‘“ sork o8 fix M ond & W run Ehru\la\/\,-\'he.
e H = c 15 a \meur O &iscnvumu dependent on  Hais.
idea: specify a Gneor fum of
Notice Hhat Lo = H Since H is  maxiwal obelion le ® imeL  ad(hW) () = © ‘dhe\ﬁ = ixeL: [h.l]w}
alse called " rook space decomposition ' awelian 2 H € Lo,
Pfn 4.l : The Weight  Space or Cartan  decomposition of Semisimple [ wer. CSA' M. but H moximal *nen 3 =.
L= Lo ® (O L«) with Lo = H
3o
The nonxero  elements of Lo  have weight o
The L #0 are the weight spaces ( Sometimes usebut 4o write L« even if its wem).
The nonzem  Weights are  Called the yooks  of L (wet W),
Novarion: @ = ser of (obs
My = dim L=
<% = kih-‘ng form tolking  Skrickly  aloouk
/ Complex  Lie A\gebros!
Remark & the foliowing Onolysis depends 0n this cle composition.  However, Quen in the  real cose there
oare Semisimple real Lie algebras thar dott pave Such @ decomposition, in which case  the following
does nov  apply.
Lemma 4.2 MM - o\tacj. qu oo Qo
Ward V.- hew +we adioa of
@ Y EH o {xyy = zémd «(x) aly) wd(n) and ad(v) Sp\ih o g Lo e
ae
® Cta sl € Lygap
© <., restricked to W is non-degenerate
@ I o,p weights Ond it of+P ¥0, hen <la,lp? =oO-
® «xed > -xed
® o weight LaNL-a™ =0
® ¢ 0 #heH, then d(h) %0  for some oaed. So & spans \'\*,duu\ space of H.



pmfi @ Choose O basis fHr  each weight space L« , Ond take union o give o Yosis of L.
Then ad(=) , adly) are Yo represented by dicgonal maince).
<ake tr (0d(adly)) o ger @

(0 “?& le, and for g Lo we can choose a basis- CoMbining gives 0 bosis of L. Now we Know
that F u,N EH, +hen ne ackion of  ad(w), ad(v) on L spits over tWis  direct sum 03:

eq ad(w) (L) = deé; ad(w) (La)

Pnd +he whole point s +het on  La, Siae U EW, ad(w) (XY = d(X) ¢ X €le. o a basis for La Hhen, +he map
o \
ad(u) vecomes just o diageaal mabix: €. i€ WY is a basis P la, write %= \o) od y- (‘n’

and  #nen (W) . «w) o )
ad(wW) (%) = a(®) % = ( ° ) and  ad(u) (y) = olely = (o((u\) So  adlu): (o a)/, ond

we can combine +wis dea 4o jve a diagonal ymabix e all of L. yonce the result  fllows

@ Similar  argument o (4.2) %)

let e la, YELp , +hen

ad(h) [xy) = Cad(Wx,y) + (=, adh)y)
[d(h\t,g] . [,'P(h).n
od(WCryy + pl) )
@+ ) Txy) > ) € Loap

© - NC): The restriction o the hilling fom <oy vad of L 4o H IS Gl nondegenerate-
@ Similor proof b Ahar for  (4-10) (@)
It «+p 4o, ten 3 heH st (a4p)(h) 2o Then we jusk use basic propevties of <7

oln) & uyv s L x(mn,gy = CadMxyy = (X, yrs - [ wl,y7: - <%, Chydd

= - <%, adhly) = - =, pINYY =~ p(R) < g

5 (o) ¢pm) Cxig> =0 = <uyd>=o-

the only Case exduded
in@ was p=-a

® Suppose o€d | ww -dd . Then <l«.lp¥=0 for al  weights [b by @
Buv <., nondegenerate  on v (39) and o Lx=0 4.

S“PP"‘e de 6 ond - q’ @ : 35 @ / for all \Ne'(SM’S I; ( inc\ud-‘ng o) we have < Lo, Lr, Y=o ’
« 4 $0.  Now iF Lo ¢ 6’ then Lo 20 ond 5 (le,'p> 0 ¥ [ s 4hat  acally
(lu, L=z 0. Bu! - ,-D s nmdesene'a;e =) la = 0 i' Since o is o rook.

® Toke e LaDlg . Then <%, Lp? =© Y weights B - S LuLY=6 gnd So M=0 by nondegeneracy-

-1
%€ L NL -

/\

Cx)Llpd>zo <x,pY o
V[L#-u ‘vlsf;x
= \J[;.




® 16 «m=0 Y de F, and LER. Then (h,xd = Zmg ¥(MaAl®) =0 y xeun.
xed

The V\DK’CSU\!VGUA of £°)°% restidded to M then implies ¥har h:=0- welve ochually ?N\’!d the
tonerapositive to (9 , So -

I h40, » 3 o€d st dln o

Example - st3 = itmu’. ero , 3x3 maevues}‘ Let W bea Carean  Suvalgeba of brace ero  oli .
Mmatnces.  Then dimH =2,

o Can  cChoose  4wo  gnties on 4hwe
o diagonal, Which uriquely  Oledermines
Me  third  ore.
trace = ©

He Lo = Txel: odw(x) =0 v weH)
N R Y

His p maximal abelian subalgebra, and so  this rubtich  elementy of H to nave sevoel off the diagonal.
we Can  then See  thar  khe only pther  wadlidbn on  Mpe watax T dnak it Las 4w be gaceless,

and Hf  Haak  we can  Clhoose Oy , %22, and thete Adewrmine ke 4htrd o\t‘cksor\a\ enty
(-auy -9%2). So dimH=2.

Dfn  u.13 The o -stdng though [ is the lavgest  arithmelic prog ression Ty

{A-q’d,...,{;,,..' r,-\-po( f S & weight

vemember «,p are linear
such  that  dne re all  weights: . '
y are 9 ~~ flinear foms Pria forms . These are p o,

such hak L opaia +0. where iei"‘\w"ﬂ’-\.
lemma w.1d: Tor ae@, P weight, p,q as above. Then

14
® z MG e
p(x) = - i SN QTS fo %€ [Lla, L]

1 4
Z VV\F,wo(
re-q

® it 0#nellald , #en alx) %0

@[La(, Lx] $0.



(Lo, Lp) S Lasp

Plﬂq: and above + pelow

Hais ane terms vonish q
it e L tr(ad(x)) =0

P
@ & - E-QL““ be o subspace of L. S [LaMI €M, [iiw, M) eM L iuo ocuena)

e by ihe above- :6:5‘:5?:“;]3“”)
led W= Lie Subalgebra Semmwj by Lo Ond L-ax. Then ad(u)(m) S M. = tr(ady ada) - & (adzady)
Take % €Cla, L), Hen xc U, So ad(1)|M: M 9> M has tiace O . o

? ?
But brod(ly - r_Z-‘mPnu (prmd (). Hene E_'%ml“"‘ (pemd(2) =0 Rearranging  gives @

(See proof of lemma g.12a fu  argument 4 fact +hat k€ fta,l-a) € La-a>lo=t

® 1If x40 €Cla. L-w) and «(x) 20, then Hom @, p) =0 gy any P’eg), w4120
implies that 2 =0 g 0 says i€ 0#hEH | anen Jue®d st ol #o.

So a(x) %o it x 40 € Ew,l--.«]

otherwise & =0 map
ond result s ieivial

@ Tot otve L-d, we hwave Thivl = -alw)v P any heH by definition. Cnoose | u€ Lo,
ve L-a with L uny#0 by 4 .\2 @ . And choose hEW guch +har  «(w) Ho.
Sel x = CunN) € Crag,L-al ,/ ¥nen 2wy = du, Cuywd Sinte < , Y is invariant.
= of(h) Cuwiv>
So A #0- 40
u.2 §) Soys  dnar fo
Qe aa P e e a3 e ]
(ovmerwise <wiv> 7o sk < m,w> 30 ko see that
Nye Lea, o w €(L-2)" w #0- Siace (F % =o,
S La (L) 40%) < %,h>>0 \ hel.

lemmq 4:\S

/su of rvoois

\ V¥V acd , ond if o ed oo some WNET, +hen p=t\

o

® wma

@ pl) = "7_-_;_?«(-:) N % € (Lla, L-a].
© it dimlt)zn, dim(H)=r, hen # of mots = 25= n-r ond €S
P’°°r= uela , VEl-a s.&. <undadfo and < = [und:

@ Take uwv,n s 0 the proof of & % © , and (et B: Lie subalgebra generated by usv:
z = 2\
N subspace span  of N, H and Z, ra

CUIN] CH * z Lr“ C N remember x€CunNl C [La,‘--u] € Lg-a® Lo =H.

CwyN) € Cv,H) + ‘_Z’ Cvitead ¢
® _—> See previous note to see

So CBN] ¢ N. Then 2 = Cunvd € BY Consider ad(x)|,: W = N. why  &r(ad(x)) =s.

0 = krad(M|, T -adlx) + 2 e Tl
l 0 20 \l

v t 't Lrea. X usiy of- Siring swing restacted o M-
20

remember wa = dim 2,0
But d(1) #0 oy G @, o Zormg = | MO €D . uus Me T\ and Y& i5 0 vook fo, F20
2 r=%  (use ine foa that i a PoSIFivE sum and ¢ know Mu %] Siace otucla)
Repeating for -, we 9g-\ X 1S & oo for r¢0 & rc=-L,



® flows Gem @ and by

P

Z vm peve
r=-9

v

z W\pwd
rfe-q

p(x) = - o(2) for e [Lla, L-g]

4

So P(x) s - Z—Jq?(l) va) = - ('_:T‘L) o(2) = K‘L_';P)e((x\

z

o []

@ Yo\ows  from @ ond &.12 @
We hoave a decomposition L=Lo®Llx, and dim(L)= dMi(l:lo) + ,,Zeﬁ dim(Ll«)
"

Now Lo=H = dim(teds dimldd=r. pa,  dimlla) 2\ gor ewen) ok, and  iF oed men -acd
> Z dim(la) = 2s, where S=H# of "posirive" oks. s

ne r+4 S = 2% = pn-r

Rema'k : The Lie a‘gebfq B in the PWOF % SQZ Qand 9°u can use 'ep‘,ese“m*iol\ *mo'u o s02
{0  prove the lasy  two \emmas.

lemma 406 @ if ac & oand CX€D win CEC, then c =,

proof: Set (= Co . Take (-9%, ..., f,..., P*¥e® o be me o sting through P Choose 03%E€ Cla,L-a)
Then %MD 30 by 4.14(6).  Then Pl = [@-P), %N by was B, 5, <= P

W a-P 15 even, inen we're done by previous lemma.  (which deas witn C© e1L)
& 9§ - is odd, twen +ake ve 3(p-2t) €7 ond -g¢vep. So pAra is in e o -Sking
through . Thus, o S 0 weigw  Siace ptrac §

So ¥ contains To , 2(i%) by Lemma .15 @. |:|

Define  for each WeH, W by WY (%) = <R Yxen | Thus w¥eu,  gad b= Wois iner

(ty linearity of £-)-7ad).  The wap is  injective by nondegeneracy.  Hence,  ibs surjective ( Pinire dim- spaces),
Ond  we con wdte ho & e Preimagg ot o ENT.

We con wvow define @  Symwmetic  bilinear  form o0 n*.
Ofn ww: (P < ha,mpdag fr o,p € WE

w(1) = ¢h,%xVud

Where l< O L I

<hp,x) = pla)



hd 15 e  wunique
element €W s.¥

oL = hyt.
< (“d,”ad
lemma 4.8 we n choose €a, e-o¢ With Ralla, e-a €l-a so twat C(eo,€-a) = he and
<€¢,€-azd=|.
P-u{-, Toc xe W, < Cea, -3, = ( ea, Ce.«. 21> "ﬂ vanance
T ol(%) Ceg, @-a> — [ey€loa = % xel = ad(W ) =-a(W) % y nenf
D od(x) (@-«) =-o(x)€-a
Cx, eca) = -ax(x)@-x
() (e-a,x) = olx)e-a.
= d(w) € COn chooR €a, €-a 3-t Ceq, e-qVaazl wieq
= <ha, 2 & by uniqueness
lemma 4.9 : T o,ped ,
<2 = Willing  foem
(@ 2(p.x) L 2ihp el g on L resticred t W
(oti2k) Cha, ha <hna, x> () VxeH
Z 2
(Y) ¢ T he, W 4 e
Ped ¢ g, wad? g, h?

©  <he,wp> €@ N oaped.
W@ Naped, p-2<hp.bed e,
Z ha ,ha>
® it o#nellal.ll , then () $o
and  the Coresponding  svalements  wei (o p) /
Prwf-. Consider Cha, 7= o«lha) 0 by 4% (b). Hence,
® 2<hp, b o 2PUa) o o2qoR) o fu o -sbieg denuge p
<ha, had d(ha) 2 (-a,?).
® f oager,  cwyy T E POOPY) by wea e wasa g

¢ o> (F BT 2 5 Chphadt by die ot g,

2
Zﬁ Chp, he>

So ihis says that <hasha? = %""ﬁ"“bl = - =
Zha) hat?
Hene, we can  mulbiply poth sides o show :
Z <hphad? - u
Cwa,ha?? < hg, W)
) > 2<hp,na> |2
and in fack Y Z_%"d— bR _— €1
<‘\‘ /h,‘>1 <ha ;hd’ °

m
n



©

immediate from @

ond ®
T think #s supposed ko say (3 * Z(L:’nq
@ p - <hph p o+ Pty fom proofor @ bur sl Pt (p-q)x € & "SI0 though f.
g, ha? 2
-q
Note +wat P+ %5

€ o- String ihwugh [ € §

Define W = @ -span of ¢ hu: & 54’} C H. Since ?, ho: “et_b} Span the Complex vector space, we
can take o subser 1 i, WY W0 Py o omplex  bass of H ( r=dimw). res)
Lemma 4.20 :  The Killing  form  resbicted +° H is Gn ianer produck, and  hy,.., he is a @-basis of q.
prof:  The fom <0°> s Symmetac  Ond Vilinear, and has  rational values on W by 419 ©.
Le‘\ x € H. Then
< wxy o= «3("("»' W A3 (.
- ‘Eb ‘hd: 'l)l
Eoch £ We,2y € Q, and So Saad, 0. \we get equality  only % eath ¢hww2? = ol(x) =0 for Quevry «eb.
Thus, = =o0- an ianer produck.
I remains € show that eath wx s a rotonral  \inear Combinavion of .., e pyy  if
r
ha = Z 2w MaEC }Un;x it tvme because ﬁh'.\;”,...,,
iz\
r
D<ha,W)> T

span
cC-spanYhas o<e§’5 by dfn- S we Jusk weed
Mk €Q W G.NE

» chek P € QU norjusy N ECQ

Mulriplying by  the inverse

Consider 4hat ihe makdx (4;,,;,».3)) i a vrational and nonsnguldr mabix, siace <> s nondegenerate
ok Hais  rational  wiabix  ghows that all the AL are  cational

make Similar

statements
(-9

Now we can

Conterning e @ -span  of the vooks ¢, using twe Sy mmebic
bilinear form on H¥. Note

H* 2 Q-spon of &,

and C9)

defines an ianer

IS atwally o @ - basis

product on  ®@-span of @, and

a  subset
of @®-Span of §.

Q'oFQ

Mat is a @-basis & WY



B ROOT SYSTEMS

Dfn S.1: o subser ¢ oF 0 al Eucidean  vecor space € is & finite roob sysiem if
M 9§ is finie ; Spanning E and ot (ontaining O
i) for each «€®, inere's a reflecion So (presening the ianer pocuet)  with Sw(«) = -
the set of fixed poiavs is a hyperplane of E, and Sot  preserves 9.
(i) for each w,p€ &, Salp)-p is an nvegal multiple of -
W fo a,ped, 2(px) gy
(oty00)

(V) sq(p)= P - z(p,«)d VPG(}
(o0, X)

)

h'jyefv\dne = gpoce odhogonul 10 o

Remark: ¢.20 oand ‘twe following discussion  tells us that e  rochs of @ Qinite dimensional, semisimple,

lie aigebra  give us a Pinite root  system  ( with  E = R-span  of the veos ).

DEn 5.2 : The vank o a roor sys'em = dim €.

DFfn 5.3: A mov cytem is reduced if for each 0“-5, Phe only rooks proportional  to @ are fd.

(W10 > voob  sysem fom  Gemisimple L is reduced.

Dfn 5.4 The ey Qroup W(@) Of & root system i Q4  subgroup of twe orhogonal grup  Qenerated

by e reflechions Sw, @€ §. wete: each clement of eyl goup presenes § . 6wt § geneaies

W' and so

ihg Wy qeoup N be seen o o subgreup of permutadions of g , wwich is finite.

2( )
Dfn 5:5: for a FPinte mot syslem, write n(p.a)  for Cwm €.

Let o\ = (w, %)™
(¢, ) = ltl\pl cos @, where @ is on angle between &b

Then n(pidt) = upt cosf .

la|

lemma S-b° n([s.u)v\(d.[b) = Ycos’d €L

me: imnmediate.

Se 4 cos*d  can only take values 0,442, 3,4. Can only get 4 i o, fare proportional.
we have F possibilities. it (angle ~= ol
Can have: n(et,p) [ nipia) $ Notes

0 o 5

' [ L L= )

- - Toe possible reduced

\ 2 3 Ip) = 2 () Rp—

-1 -2 3 1p) = 2l

l 3 LS RTS I T

- -3 I VSR e T

. Then

O'herwise

Complex

[]



Example:  reduced roor

p

-d L: o«

P
P X+p
. N

-d o«
—o-p -

4 (R p 2ok
-d ki d

—p-2d -p-e -p

zpt‘!-(

) pee Ba2% P*‘se\
-o o
- -r-l\ -p-« -P

-p -3

These  are the only  reduced root

Dfn 53 An  isomorphism

Such kot $(3) = &

(noe: $ need nok ve an issmelcy)

systems

sylems of rank Z.

l’.gpe AvKAL
arises from ©oQa X Q2.

s
\Ne\,\ Qrup = CaXCz.

Type Az
Orises Fom  sQj3. dim (5€3) = 8= 2+

b
cank  F Of ooFS

Weyl gmup = D

type B2

°‘;f5 are  differemy lengths

arising  from 3P4 and Sog

Wey\ group = D% AiM = 2t ¥cn

tyre G2

orising  from derivadions

dim = 2412 = W4

of octonions

\Ne-g\ g'oup = D2

o, ore different [engrhs.

of ronk 2 up to issmocphism.

of 0 oo system

(£, 8) — (. ¢)

is a linear bijeciion



Din 58: @ The dieck sum of Jwo wor  sysiems (e,4) ond (e;0') is (EGE',@-"I")

@ R roov system +hat is  not  iSomophic 4o o dicect sum ot roor sysiems iy called (creduacible.
ey L,
. i reducible, since 1t is +he direct sum of 4wo wov Systems of rank \.
: 2 -
Dn 59 :iF o€d, gefine +the covoor o = @ ® . Thus (a.9Y) =2
. . . v 4
Exercise: it (C,ﬂ S 0 ok Sysiem, +hen (E,Q') is a oo+ systemn  Where ded = «'c B

(Yhe dual o +he wo sysiem).

Dfn G.do: A rob syslem  is Simply loced f oWl 4he wovs  are of Hhe same lengwh.

Example:  the only itreducible, Sirnply laced rank 2 ot system is A..

Dfn Sli: A subset A o a no sutem (E.8) is a base ot § if
1) A is a vedor space  basis for E
) each YEP con ve writen Qs a linear  Combination

¥ = L kax

x€EA

with  Coefficients Ko integers and either all 20 o all <O

Cloments of A are called simple rots, ond the T where all Ko >0 Ore the positive roks:

The set of  Such ¥ s denoted 8. Simi larly we define  hegative rooks

Thas &= 80 Q.
(we'll see thar a A alwoys exisy).

anmple= in our 4§ examples of vank 2, 3,0(./3!: fum a base A.

DPn S12:  The (Cartan matrix oF & roo  Sysiem  Wri- A S the matrix (n(u,p)),,,r, cA

Example : Cartan wmatrix of G, ( 2 -|>
-3 2

note:) N (o) = 2 Vo€ ¢,

(Ka¢D)

and

¢,



DPn S:13: A coexeter grmph is a Finite Gmph,
Given G  mob system @ with base A,

®  yertices: elements of A

Veriex d is joined w© P

Example  the  Coxeter graphs

rank 1 . A (sQ2)
rank z . . A/ XA,
— A2

< -
= -

Theorem  G.14: Eveny  (onnected,

Qrising  from 0 Semisimple Complex

Ar —

- <

“ <>

Ty /-\
N

Eeo i . o

Ex

Ye  coexeter graph  of (€,9) wet A hos:

Simple  rooks

0,1,2,3 atlording o n(“,p)"(p.d) = 01,23

{ ond 2 reduced wob sysiems:

n&,p) n(p4) =000

na, P n(pa): (-D-(-0=1

N, P N(Po®) = (-0-(-2) =2

n(d,[‘hv\([&,ﬂ\ : (-1)-63) =3

nonemphy Coexeter  gmph Osssciated  with a  or sysiem

algeba is isomorphic o

r vertices r )

r vertices r»

r»y

each poir of wverrices Connected by 0,1,2 or 3 edges-



The (oexeter graphs are tellingd us +he  angles behween the foks, but not Hhetr  relavive  \engkhs.

Br . _.¢.
—<>

Cr o

Grow pointing towards  Shorier (oot 9. B2 Ffom before

G, <> P ; *
For Gz, Fg its usual %o jaclude e arw "
v ® ——

The graphs with amws are (alled  Dynkin Diagmms.

(we'll Cove back o Hr Classification of  Coexeter graphs when Srudying quivers, avd we'll prove tuwe

Theovem  for Simply \aced Coexeter gmpws : An Dr, C.E s, €8).

S30) - Y wed s (v >0}
Fou BVEE, we can dekine Q+(Y) 8= io{€§ : (1'“)’0‘5' < %—::;ﬁ -.'(7(5‘1:5)::}}
Consider E\o\t)@ P , Where Pg is the hyperplane of St is  non  emphy- = {aed =.('G.'°‘)<°}

Pw= 1VEE : («,¥) =0}

Dfn G.l5: , Aie (Y, «t0 yaed
O) Y s regumr if x € E\VPy , and Yhus § S é"(t) U(“ &(“)) .
® o € 3*(¥) is indecomposable if ik cannot be expressed as O : itz o ,dy € 3'(F) (o #0).

lomma Sle: let Y €T bve regwar. Then +he ser A(F) oF all indecomposable elements o8 T (Y)
is a base of D. Eveny base hos +is Foem.

o €3'(¥) > (3,450 = bounded below + Finite 3 wia. guy.

v 8 )
pof ®  each ae@ (%) s o non-negative,  integral Qaear Combination of elewents of A(T):
otherwise, ¥ we choose a ‘bad' «, with  (5,4)  minimal , Sv o deceyposable ,

5oy ozo +az, then  ai € DB Then minimaity » o, d2 good.

(%,«) = (B, oh4a2) =(§,a) + (¥,%)70 . Bur aic GV »  t§,a), (3,%)0, By assumpton, & isvhe € $(Y) with enimal
(5,%) tnar commot ve Cxpressed 95 @ Nen-neq, inkedml lin comb- of A(¥). So o, ¥z musk be good ( nen-neg, ut. lin comb of  ACY)). Bt Vhen

d~ di+da iS o non-neg il lin  comb- of A(Y), a contradiction. Z

A spons ') with  cq7o ond -G°(¥) with €a 40, so spams rots of £, and voors span € S ALY) spans E-
b) Se AC¥) spans E  Ond  sahsties properry (i) for a base . We need Yo Show linear
independence. Its enough t Show that when o distnct (a a(¥),  hen L“:P) €0. \e'll see how this follows
in o GtHe biv, but Pist let's  swow Mot (%/P) 0. Suppose le)p> 70 Then sine (wp) >0 = n(x,p) >0
loohin9 al ¥we rable fom obove we wmust Gowe Fhal either n(d,p) o n([‘uﬂ() =l (o mayve borh, bput
Qb least one). Wlog suppose  n(pox) =1 Then worite  daar  Salpl= fpo- nCpo)® = -, Bub S permuves
the mots & , and since (L'ls a rook = Sa((b) is aq roor P-c{ iISA yool .

Bub  we Wnow  paak - € Y (v) o —([;-ol) = “-Pecj’*(“‘) sne & = @ (¥) U(-@‘(T\). W p-o 64(0,
ben P i dewmposble siae  p: (prd)rx. Since pEA(), L. Swilory o €3'(¥)> o decomposble.&.

Now 4o use +his 4o show linear independerce. Suppose ZFMad=o0, odcA(¥) and rx €R. Separabting twe indices for
whidh Tra>0 and Ffa<€o, we can weike ICed = ThpP *p. Llet € Z se% . Tpen
(e, €) = d?,:, Sutpl( o, P) €0 since (a,p)s0. Bt (22)%0 Yxe \ bydfnof an imer peduct, o
5 (ge) =0 > €=0. Then 0z (%, 2) = ZSa(T®)  put (04 %0 since wea(¥cdin),
3 Sa:o0 No . Similady, al tp =0 Hene rg =6 Va ond +hus  o's are linearly independent-



misses all +We

possible Sine the inersection of “posIkve * open  halé - spaces wyperplanes
Any base iy of this form: T> associaved with  any  basis 68 E is  nonveld-
c) Now suppbse A is a gwen pase. Choose T st (5,2)>0 No EA- So ¥ s regular- We'll
swow A = ALY). Cevtmnlj Q cd (¥) © wr chole ¥ st (¥, 2V >0 ¢ €A and iF P € Qi ) then
P: 2 tad g, ko 0, S0 gine (¥,%) 20 Y «€4, gnd o least one k& 3D, then
> (p) = Tra(mw) yon pe G
We S0 deduce smilary that " 9 < - ') » 3NV £ 2 3T =YY,
Buk  Aisa base 9 e can think  of ey glement n A as a Ponwe |nie3ml tombination 6 A, ond
clements of A e indeomposadle  ( poss R E) D 4 ¢ d'and = pavtianr A ¢ A(Y).
gu Al = LA = dimte) 2 4 = AY). I:’

lemma 513 Ror a  base Aot a reduced @,

(2 (p) €0 , and so cosp<o , nlwP) €0, and noncliogonal enties in Cartan matwx are <O.
for  op diskinct € A.

®) it oe 5*1 od o § 4, Yhen ipea st o-p eé*

() gach ®€ 8" is of dhe fom  pu ko APa with ean Pt 4P €@ i e pica

@ 10 o s simple (€AY, then S«  permutes 3t \1a} ( +ve reflecked 4o +ue exceﬂ«(ﬁ-ﬂ)).

i -
Set Pz TP Then Sa(p) = p-«-
s eé-‘
remember  (x,p)>0 2 a-pc ¢ o poo » o-ped .
Proof : [y mot wust e o posiive (0¢) or pegative (0%) linear Combinaton of edements (n the base:

@ TF o-p €@, +hen #nis wowd conrmdict (i) of ¥he definition of e base. So (¥,p) S0 Follows
same  argument as () in previous lemma).

® 10 (ol.[&\ ¢o V¥ "LEA , +hen AL «)  would e Vinearly independent é So (N,P) Y0 for
Some (. Then o-p € ] ( same Orgument a5 before).
1B w= T KT with al K¥>o, Hen Ky 70 B ob least hwo T €A Sine %GB, 30 we Eneo

¥ea ' -
€ -p  has ar \easy one ve coefficient. % -ped D poces «-pe .

w Anor

TRy

(o Folows pwm (o) W induction. ¥ P oaea , induct on htP:= ugAk.( d_(}ﬁ@ R

i hep=t, dhen p:ot Lo some ofc A and we're done. Suppose i+ holds for k=n. For hep = ™Y
4
by (O JNcA sy tnar p-a€ . Bur by inducve hypornesis, write

{;-g( = Pl-&...-\[‘an > p = P|‘\'...+Pn tol D
+ \i . 5
(d) 11 pe 2k € 9 x3, ben 3 KE>0 iy ¥ FOL Bur  coefficient o § in
= 2(p,x) . emember
S"‘(P) P E% 'S Krso- Cd&:\nlbﬂm pf:lel:"!! d.

So aW coefficiemdts ore %o oand So Sw(p) €¢ . Hence, € Q"\\‘ﬂ.

The \osy part  Wwith Ph\\ows.

saP= p- PNyl g apw @pad 2 (09 ‘(Pe:q'm"'“) '(ﬁvm("“)’ (,0)
)
lemma 518: A Simple wor S &.
Q) § o orkhogonal € GL(E) and it sadistres c(3) - , Yen oS« = Se(w
B Let oy, de €A, nor neessarily  disting.  Write  Si fu Sa;.
IF  Si..- S glet) negative ( o¢  St--si(o) s positive) , then for some 1¢i ¢4,
St S, = S48 .52 &

© If T T si..s iS an expression  for an element of W with t minimal hen (@) is negatie.



?&'. ¢) immediale fom b) Lormula $or S o(u)
o) oed, PEE, ihen o.suq-"(g.(?)) = o s«lp) = g-(P = n(a,l‘)'x) = o(p) - n@,p) o),

So o SuC™' Pixes +he hyperplane o (Px) elementwise, and sends o(ox) v - (). Thus o Syc™' = So().

b  Take a minimal  such expression  With  St-- S2(x)) negative:  Then for s act, P“" : Sa... Sz (*0)

i3 posive \as minimality. By  5.\F d) we have P = oy .

Let @ Sea - Sz, Then Sp = Squy -~ S5 iy @ Result  follows by reavmnging. |:|
Cuppose that St Salel) s negatve, Gnd this 8 O gypmesion  with widimal 1ength:  Then by mimmality,
Si.sal®) 20 is posive Wit say Piar = Siee S2() . Then  Piar iS pesitive foc (<%, and
negalive  when izt Nole wwat [ < Stet... Szle) g povte, bw fetr = Su(vzt) is  hegative.

Now St (generally reflections ) permute @1 \5 ott$, So bhe only way +hat St waps Something  dve be -ve

i f PE T O, ek & = Se-1---S1. Tnen (0) says TS, ' Se = S e(u ¢ S"’t = Se.

Then rearrange-

/ arthogonal  group generaled by +he reflections i Sq * “G—Q}.

Lemma  s.@: W=w(®) , & reduce.
A If ¥ i cegwar €E, sen I SeEW wvn (o(¥),%) >0 Y w€A . T.e. W permuees

fhe bares  trongitively. (g0 Fom one  basis to anoter)
B) For x€F , twen (X €A for seme <TEW.
O W = < sa for XEAD
d) ¥ <CA) = A P SE W, then o =1\

pmp: lt W' =< Sa :d€A> C W

e [ M v Wl- .
Rl el preve e ) W 1S Finike seo this IS possible.
Ve
. LZg ' .
V) Le P= 2«#™ , ond T be reqular- Chose €W 50 4hat (o‘(’b’),p) as lavge as possible . Then fu o€ 4,

we have Sqo ew'- So (a(¥.p) > (S«T(E).p) by mavimality.

)’ (0'(5\, S,((r)) o Sa presewes inner produdk
s > (o(¥),P) - (o),

(<) (d‘(’x)l“) 20

fole  thol  equavy wowd impy (¥, e7%) so 5 ¥ € Pe-t(t) , whith contmdicks regulariby:

Also 0'-'(A) S a base with (Y; “‘))O V [ |€ G-‘(A), So the Orsumml» Of Sl C) = c"(b) _—A(*‘)
Since any base s ®  tis form  A(Y) by Slb, transituiy on bases Rllows.

) I+ sufies 4 show cach ot o is in a base,  gnd then apply 4). So, Choose o€ P \ P

lo €5 s llCvoP ’P***"}‘. Choose ¥ with 0<(Ba,9) <€) and |(V2/P)l<E P each ptie

Define ¥=¥i*t¥2. Then 0<(¥,x)<E , ond \(’S;P)bi . Soe d is an indecomposable element of @‘(U),

and hence oa € a(Yy). (% ,x)=06 sinee ¥ EPx.

(c) In view of (b), it suffices to prove that each root belongs to at least
one base. Since the only roots proportional to « are +«, the hyperplanes
Py (B # +a) are distinct from P,, so there exists y € P,, y ¢ Py (all B # +o)
(why?). Choose y’ close enough to y so that (y',«) = & > 0 while |(y', f)| >
for all B # +a«. Evidently « then belongs to the base A(y’).

€ T4's enough to show for any reor e d, S«€W'.  Tind by b) Sme s W' with cl@)ca . Thus
Secw) €W' - Rut by 5. a), we sow  So(a) * s 'S« , 5o So € W'



d) Suppose  d is false: I T#l such dhat «(A) = A Wrnte & as 0 product o® Simple reflections in he Shockest

possible  form- This  contmdics S8 ¢) | T must be as shed as it can be (ie. o=id)
c(8): a gends tve to *ve. I minmal, paen  S8C (ays  sends tve o -ue.

Theorem  5.20: (not pruved he) = W(B) = & S« =1, (Sdsp)?'p)--l\)

Simple
reflections ocder oF Sqsp

With  wmlapl= 2,3 4 or & depending on Ine
¥ T 3w sw
angle between &, p: 2. 3. Y, .

Construction of Rook Sysiems from Cartan Motix / Dynkin Diagrams.

Str‘“@%’ we'll  need the following  wachinery
* €y.-.,en  oOrvthonormal basis in  Euclidean space.
* 1 ’i iniegial combinations  of %01}

* J 0 subgrup or I

* MY fixed reals 70 ith 3 : 0,23
Define Q‘i“eih Nell® = 2 o =3}
E: gpan of @
We need +hat each Sa preserves gtk and  Sa (§)- 9.
Note & 3 ¢ZZei and Iy} €T L2}, Hen 4his is sovistied.

n
Bes v Take nertr, ond J=(Zme)OcFert | g drTwes i han2) :{e;-g: iv))
. 3!
Twen oi= @i-Qi+1 are lineorly inde pendent, and it i<), ei-¢j = Z Ak, S» T} s a base for @

We wnow (&isej) =0 ynless =i, isl
(i @) = 2
(0('., °‘i+|)=’l
So 3 has Dynkia diagmm  of Tupe Ar. Bach permutakon of Lo ¥t {5 an  Quiomorphism ok §,

and  wence wW(d) ¥ ser:
Sai Switches i,i+1, ond e know (i)} generate  Srav.  This i5 the wor sywem  of  slrsn.

Br:r»2- set n=r, 37=9% Z7l€i}' and & "ioleS'. lle(“":\arl& E i'!' Ri, Le;t¢e; ',i-g_"}

3
let a&i=¢i-2in 4:‘: ier, and or=zer. Then @i = %% | and @i+ej isthe sum of fwo such
expressions , @i-€j = T % ) So basically ony.--,dr is a base.  This (owesponds 4= a  Dynkin diagam
of fype  Br associated with  SPacwr (odd).

Action of ey group: \N(@) gives all permutations ond  switching o signs of % cn,--.er} . That s,
W(d): Cafxse

nocmal abelian
subgnup



Cr = r23: nsr, 5= i Z7Lea},

@:sdil‘- Natll2 =2 or'-l-} = itzei ,‘!Qi“.’t'j ’ ;il\} , Which s
the odual of +he System

we hod for B¢ . gase s Ge.-C2, e1-0y, .

Rra -8r, 28v) , and
\Neg\ Qroup v same as Br, Qrising Pom SPar.

B emun 3= 1Tne)  Fegwed: lxl* = 2) < § teite

i*j}. Base = ofi = Qi -Qiv) 1%4r
and ov = €r-) *er,

.

Simple  refleckions cause  permulakions

w(d) = split  exiensim of C;" by Sr permuling them (
Prises from Sozr

ond an enen number of sign  changes-
index 2 in group we had ‘oefore)

LS.
Ey in:=3 | s £= zZ e J = ? cf + Zciei @ eoach C,CiEZ and c+Z'c:ez7L},

4
Then 8= ¢ aeJ : llal® =2}
: ite; te5, 45303 ';?::,(-|)"'e; Z ki even}

’

Sey o,

L}

(e veg - *E;e;)

Ay = €i*ee, of; = Qi_v—€i-2 p, i3

Ea, Ev ' Take @ fom €E3 and imersacling with  subspaces

dncyd>t , ®0cwydt

4or suitable W,y obtain  &,.., o3 and o,...,0e  with Dynkin oiagmms €., Ec.
Fu : n=4¢ set h:x t(etervertreq) J=% Zue: + hy

’ /,
é =3 Ke3: Nlall® =1 o z} T G tei, teidej i), i1, sle, t‘iegt‘:Eq}

Thus €2 -e3, e3-e4, ey, 3(e -ex-e3 -eq) fom O basis.
Gyt "3, J= Zeind etes+eyd ™ Then F=3ey :nqu = 20 6]

- {1 t@i-e), 2ei-e5 -k £ ik disiac)
base : o = @,-€z, odaz -20 + @2 te&j3



(€ REPRESENTATION THEORY OF SEMISIMPLE CoOMPLEX LIE ALGEBRAS

Theorem 6-| (Wes\)= let L be o semisimple, FPinite dimensional Lie algebra, chark =0 . Then all

finite  dimensional  representations Ore a direct sum  of iveducible ones.
Definition 6-2: R represeniation is  (Ommpletely reducble  if it is such a  direcdt sum.
Idea: say we have a repn f: L = End(V), then P is Said to be Completely reducible if we tan find

some Wi, .,Wn St V= W®--@wn, and Pl;:‘-"’tﬂd(wi) sa sub repm Vi

Llemma 6-3: The following Qre equivalent:

(@) all finive dimensional represent@tions  Qre  completely ceducible.

(® whenever p:L > End(V)  with WSV and dim(w) =\, and PN EW (in partiuiar
W is invariant), then there s a W' with V= WOW' and F(L)(w‘)gw

(3 The some as G)  bur with +he restrickion of ? ow, pw il End(w), is irreducible.
Pf" M) 2 (2 3 (3)
(3 > @): Ossume  (3) W be tme and prove (2) by inductien on dim(V)

TF w<0 or W is irreducivle, we are done. So suppose O < U €W  With P(L)(ﬂ €U . Induclion yields W,> U
with Vo= Wa @ W ad pO(W) s Wi g Welwt Yw  as L - modutes

Tnduction  yierds W, =U@W, pence V:=waw

B w =0 then Mis ‘s Obviows. Same Qgoes Hc  gimwW:= (, Siate  dwen W is clearly icreducible
So we can apply (3). Wow suppme  AimW> l. ¥ Wis  jmeduable, fwen by (3) we lLowe (2).
Suppose anat W i5 ne iveducible: Then 3 0cu<w st plI(W)Cc W . Now,

. \—' ".!. e &I ! ~ i\
Werefoe W can apply our inducive  lypovesis D u « 9% ® W = -

v
Uence, f(l-)(vf) e P(l)( V—V) T 0 sinee P(L)(V) <
know that  dimU < dimW by ogsempton So d""(
W, = uew' j and wnw'! = o - Atso

w
‘i -
«) ""'( v I- By inducion we have

Adim( W) + dim(w') = gimlW) +dim(w) ~dfmu
t dimW - dimUu + dimWi ~dimu ¢ dim\“

= dimV - dimU +dimU = dimV

So avualy  Vz=wOw'.

g B) <dim(w), and

by Sumpt\on Hence D f’(l-)(w.) € U Now we



@) = () suppose p: L= End(R) Wth BCA,
aply (D o a  diferent presentation.
let a: L— End(End(R) ;

v: 1 0¢end -

dim lw=1, and (L)(V) S W.
really  juse determined
\ss scalar  muliples -

Complementary W'

wig = ve

A (B (P(l),e'])
Define

Nole  that

Ppplying  (2) gives
3 weW with
and  thus w! is a

W|I3 = 18. So
Q=

with (W) € w',
Mse (W) ¢
OF AE
w'(a) ¢ B
B @ kerw'.

L - endomorphism
i; [ YA ’ l’h!n
A=

and

wia) + (1-w)a o

1.e. Kerw! s

It Suffices 4o Show

nor

that iF pi L - End(V)  is  nov

J W<V such war
Q:L — [:_y\dclnd(‘“\/

Ms=9 8 € tadlv)

IF pis irreducible,
via

( adop\. el

olvle W,

Mo = ie,e tna (V) '.9(“) fw

Then  ceriainly

@dop) , ia

Mo S Ms ( ois seme ).  Since

parwular (ndop(o(Ms\ S Mo
M’/uo = K Cthe

in Ms

Clearly field)

Rxiss a

)

there (omplementany (- modue

using §elly
Now certainly
pe M

Henee

1 on endomorphism
Ker (F) nW =0
Fliv-fl=0 >

$ €M (8

Lavidly . we also
@y- (V) € xerf .

w‘ og
Now have

Hence

v $) +

e

EW € Kerf

and so  Kerf is exatly o compleymentany

Proof of G.1:
dim Viw =1 S

invanQnt

We aim 4o
and
Subspace-

show that
P(L)(V) Sw

6-3 (W) holds.
with Py ireducible. We

Since  Quo tients of Semisimple  Lie Algebms

(i.e. pis foithful). Ler < Yp  be  the broce faum of p (see

and P(L)(R) ¢ B .

BNSE, fly: Ate fw scalac 2} and W= 18eEnd(r) ; (M,

wWnw' =o.
ard p(L) (kerw') ¢ erw!.

w'(1-w)a =o. So

itredu cible,
pv (w) <w.

L ad( V) T Cyo, -
Olw = d2Lw £
Blw =0 \
plw) € W,

ul-‘m{ Ms/uo) =l Hence
[V Mo
flo=1w , and
for oany

v - &)

L-med\e 1o W

Consider a

am Yo

Note change o leHers, we're Qping 4o

&le =°}.
¥ xel, poo) = (& e [0, 01)

o P(*)L"-‘q = [p),w'd =0 since

) (w') €0.

and S» V= wo w'

Thus W' commules with P(L) in End(A),

But  kerw'nB =0 since
(1-w)(0) € kerw' ond

Comp [ementary o B inf.

thwen Ve \I|®V!

End(V) e

/ N Nz #0 og L-wmodules.

Look ad

9iuu an L-veP"

Some A

My , Mo € tna( V).

loov G

ad( ?(L\\ aching on
tnd(V)

Ms and M, ave

fixed by

wel'e  {a  tae positian

Mg =

to App‘n 2.
Jo O,

wWe ggl that
Suda hat

sinte % d Ao, it must be that

amay $2:=F ,since PNV cWD pISW.

VeV, we can wiite

S0 Mat V= WOXerf as ( -modules.

[

representation  p- L > End(V) ,
show W

wev,
has a  Complementany

are semisimple  ( Comllay oF 3.13) | we way assume +har  kerp =0
3.2 ),



L

This s nondegeneraie:  le+ L be the athogonal  space wrr <%, Then LY is an ideal by (3-3)(ii).
Mortover L“ is soluole sinte Er( pxlpl)): 0 ¥ xyel®, and we can apply Cartan's  Solubility criterion
b (L) b ger  p(LY) is Sowe ( pw pis Faithi),

But L s comisimple S all soluble  ideals are e Using nondegeneracy, J a vasis .., xn oF L
Yy -wYn of L Such +har %i, 45> p= Sj. Define Casimic  eleyens of representation P bY:

C= Z p(rilplyc) € End(V).

(,|llim: C Commuies with f( L)-

Thus  kerc is iavariamt under p(L). We'll gnow that Vv WO kerc.  Sinee pLIM € w , we have
cV) cw. (hom dfnf ). We't supposing #nat Qi wreducible.

pL) CClw) € clw)
So cw) =w oo b.B irecduciloility- But c(w)=0 = C%=o

? 0= trlc)
= te( Z p(xi) plyi))
s £ kr({)(z'.)p(g'-))
T 2 < Anis Y0P
= dimV
to 4 since chark =o.

So  (w) =w and hence KerC Nw = O. But c(vVVCW and sb kerc 0. So Ve W® Kerc
0s desired

Key poinhy of  prook:
(&) 4o show comp lete leducib'-liho_ wont o show  fhat  if pr v End(V) o repn with Wwe v st fm(v\sw,
dim (Y/w) =1, and Puwil = End(V) irreducible, then 3 omplementary W' st V: wOW' qand P(L)(W')Sw'.

(2 Wiog assume p FaithFul. Show <,%p pondegen sine  p(Lt) D LY seluble + L semisimple-

G <., Nondegen = 3 bases wpa & oyge b <288

() pefine  Casmic ele: ©3 T POXIpLYY) € EndV.
) Show kherc is the w' we ace \ooking  foc :

b Show PLY)  commutes with ¢ B ker (c) preserved by PV o p(L)(Kuc) ¢ Ker(c).
L show kercAw=0 - Then COW € W & this fak = V= herc ®w-



Cosimir Elements

p: L — End(V), suppose <, '7p nondegererate , e.g. as in proof o  Weyl's Tm (6.1), o
hilling  fom of semisimple Lie Alwebras.

Jor L
%'K.l' .. .,1.!\3 basis Hr L, ad ?. Yy \3'\\ dual basis  wet nondggenerql.e form (!i)jj >P H S‘j

Lt c= Z, P2 ply) € EndWy)

D(rs) =0(r)s +rb(s)

Lemma G- 4 Cc,pk)] =° V¥ xeL. (commute in End(V)). R i 7

. = Dplyy), PR))
of: Ce, p)] [ ptidplys), P _ o)
= Zp) L pey). PR) + T Cpli) ) 1pLy:) lmeg Puf;, tha! -
s a derivation
- = [po, pealptd + (plad, ] pex
Weite (y,,2] = £%59) , and (xi2]- J%‘big " Yhen

aij < (4,20, %% = < 0=i9i,20, by invariance & form

And  gimi larly bij = C0x,3093% = £ [9j,“t'\3,-l)p by invariance & form
H - “v:)'l
Hene Lo P0] = Tgleigliag + gl plsies = o O

In fad, the definition of © i3 independent of choice of basis, but does depend on tne tmce fom.

Toos wsed: Wwrite (Crl’(ﬂ}, expond owt- Them yre  toct [.,P(z)] is a derivation on k. alg of  End (V).
Write C+i,2) and  Cyi,2) in tems of 25 ond By respectively. NOF  ¥mal  coefficients are Qmfisymmetdc | So

e  sum  vanishes.



Wniversal Enveloping Plgebra

The ctudy o tme epesentation +heony

of L(ie Ngebms is  Sometimes
associative algebm WLV,

moe easly undersiood by defining an
Known Os the enveloping algebra oF L.

DIn 6-5: WCL) is the associative

algebra  with generators X (€ L) ond  relations XY - ¥X = [XN].
Commutator \ie brathet
of XN in in L
This is equivalent 4o taking a bosis Xy, Xn of L ond Using generators e
Yi and relations  XiXj - Xj¥X:i = Oxi,¥j), together  with  linearity  Condition
AXi+uXj = AK + uX;
—_ —_—
€u(e) EL
ond addition in U(L) IS +he same as i L.
Exomple: it L is abelian fpen UCL) ¥ €CRy--,Xn]  where  Xi,...,Xnis a basis of L
(a  polynomial ~ aigebra)
| Because L abelian & (xY]=0VWXYy > Xy=YX=0 = XY=YX = polynomia) aigebra
In gereral, yu should view +he enweloping algebra As a  pofentially Nenommulative  polynomial  algebra.
Theorem G-b (Poincacé - Bickhoff - Wit PBW) : U(L) has a basis as a € -veds space R TR B i ""-371-7,0}
where X, ,...,Xn s a basis-

| PBW is for a totally ordered basis  Xi¢ X2€-.-$%Xa . Look ai canenical monomials.

The redsen fu intmducing 4he enveloping algebra i Hhar shere i @ -1 Corespondence beiween

: L = EadlV) P WY = End(V)
|’ — P
representakions N s & WY -module

P s WO > End(v) . Then

Vis an abelian goup with a
L T Y +he mmap

representation o¢  WU(L) over - T € WLL), the Qction of
n:v s PUOW, which is enough 4o describe the module Stuchare of V over UCL).

Note: ' twe Cosimic  @lements  we produced are imoges under ’f of an elememt of W(L) of ¥ne form
TXY , where Xi ore o basis and  Yi is o dual basis OF L weh

Yhe no ndegenerate  form

[ commutes with P(R vreu(y)

The proof of our femma Shows +hat these elemenis ZXiYi are centrm) in ww). In particular, f

L is jsemisimple, and so e hilling  form is nondegencrate, we produce a centml element N = ZXiVi,

where the  boses are dual wrt. the hilling form- Then  W(L) has o nontrivial cenkre

assuming  p s Fawnlul < P injective

Now return 4o the representation +heony of semisimple L.
base of simple rooks A = Yoy -0l . we  have

we (on Consider +he sum of e  weight spaces

Toke o CSA W, ard ypots 3, anda
positive  yoots 3. By the Coartan decornposition of L,
coresponding o positive YOOk

. = S
N'u€§* L« , and N 'GZ;&L'“

e XNEL



Denote B = HON (he Borel subalgebra- Note that N is a nilpolent Subalgebra, and o we have a  dlecomposition

L= N"®@HeN = N"@8

For @0h o €8, pick wa€la ,and Ya € L-o, then [na,Ya] € La-a = Lo =H
Weite Li fr La; $o simple wobs ki, i o Na;, ekc...

Consider a representation p: L = End(V)
Dfn 63: Let V, = eV : p(W(V) = wlwv VhGH} be +he weight cpace of weight @, where weH?.

This exiends +he definition of Weight spaces of L arising from +he adjpint representation |, general representations.
We define Mulliplicity 4o be the dimension of the weight SPace.  The set of \weights Wwhere Vw %0 ore the
rooks of \/.

Novie #hat if dim(v) is finite, then I Wweight spaces becouse H is abelian, and So here are
Common eigenspaces g, H in V: the weignkspaces.

lemma 6%

a) p(Ld)Vw C Vwix F  weny, wed

) The sum of +he Vw is dicect and is invariant under p(L).

9 lassuming L is Semisimple)  if  dim(VV <o then V= direck sum of weight spaces.

pf: 9 fr xelx, VEVw, hEH, ihen P(k) (p(t)(v\) :op(x) ptw(y) + p( Ctw,x3) (v)
= pO(wWv) 4 P( ad(W))) (V)
: wlh) f(u\(v) 4 p () (V) = (wln) +a(h\) p(ﬂ(v)

b) The Sum of common eigenspoces s always diect  Rr  Commuting endomorphisms.  The invaviance  Comes from Q).
Observe that L = N ;K - clearly invaviant under  p(W).
oe

Dot  Hnow about the (ommuting endomorphisms Ehing, but you can  show ihal if  w and wz are  weights

with ve Vo, OVu,, twen vr=o.

) TF \ were ireducible, then the dired sum of the Wweight spaces is a nonero  invariant subspace, and hene dwe wheie
of V. Tor general fin- dim: V¥, we can we Weyl's Thm e Hat V is o diect sum & ireducibles.

DFn 69 : v is a primitive elemen OF weight w if i saviskies
() v#o, has weight w ( w e HY) ve Vw
() f(l“)(“) e Vaed He's an idiot. Wiki Sa¥s tat vasicany Vv i anniwlated by N: pON(v) = 0

Condition (1) is equivalent *o p(‘%u\(\l) =0 VuaeA. .
P N)=0

IF v is primitive , then P(B)(\l) is | dimensional. ~That is because 8= HON, ond P(Bl= ]J( HON) = f(“) which

1S jusk  Scalar  mubiplication . Thus +he primitive  elements ore the (ommon eigenvettors for 8.

& W% NV is a Common eigenveckor  for B, then its hilled by B =N (sine H isa maximal
avelian  suoalgebm) and so (i) s saiis fied-

It vis o common eigenvector fo B, then ¥V A€B, p(x)(v) = MV (where A% depends sn our map) - Then £ any
A}
wyes, p( Cx9l)(v) = CPEPNIIV) = AxAy V= 2yAxV= 0 | So  y is hilled by 8"z CHOn, nweN] = [NN) =N



Remark: any finite dimensional  \ cContaias a primitive elewent by Li's Theorem (2.1%)
Proposition @10 Le¥ v be O primitive element ot weight W, and et W= P(L)(\n). Then Yy, € L'P"
() W s spanned by  ply,)™ ... P('Jn)m("\, Where  the  Pi are e distinet Ve mots  ond  mi€ sy,
(W) awe weignts of W are of the fom ® -\;L"‘"", where 1a.,-0) g a vase

W Pi€ Ty , omd they  have  Finde  muitiph Ciry (weig\m soaces are finite dimensienal)

GiY) w  was multipliciyy 1, Ond 4ne weighr spae in W of wewgwr W = VD,

Civ) Pw: L = End(w) is indecomposable . T.e. W cannot  be expressed nonbividlly  in +he  Pum of a
direct sum  WiOWz,  \wivh  W; invariank

Xd > Ay €L
Switch 4o awing avour U(L) - modules Yo e Suel

Hy < ha

pro:  magbe wiog say L ¢ End(V). with  4rivial repn.
() voess  for L= {M' Yoo 8955 of MY L Ynen dwe POW Theorem  (6.6)  says Yhat
(q‘ls(u) says  La one dim)

ww = ‘l;:' = Npe ULB)

(and  ye Sum i diced) . Comsider W= W . Bur v s o commen cigenvecror for B, and  se

W o= T Vet )

W By cs o, ‘\p:“-~-"p: () owes weignt w - Z MiPi Buw eatw P s @ positive integrad  CombinaYion

of ¥he Simple o So dwis  weight 15 of Wae fum W - TP ivn pi € oo . Notice  dnod

w- ZPdi can oy anse fom  finitely wany W - Z mipi, and so ine wultiplitiyy  of we ZPA S rive .

(@)  w - Z™P) can  only be w iF AN e Wi O zew. So dee omy  SubspOe  in T oof weight W

w <v>. Se w o wegw space is KV, with  pulkplicity 4.

GO 1P W = Wi®Wz  with Wi  nonzeo, Yhen W = (W), OK‘NL\w. 2w Ww is one dimensional, and Sv
one o e (W), 0, 9  § yas to lie in e oiwer.  Bur v generates W, ond so sk summand Will e
Yhe Whole of W-

/VM necessarily  Rinire  dwmensional
Theorem 6.5 Lex V be o simple W) - wodule (@ 35 an irceducivie  represemtalion)  and  suppose N comains

0 primiive  element v of wednt w-

N N s e enly pamiive clement &\ yp 40 sclar wulkplication.
¥)  Tne  weights of V have e fom w - Zo%h i Pi € Tye - They have Pinite  wulviplicities,
and W hos wuWpiiy 1, ad N is o sum of ¥R weight spaces-
) For +wo Simple wodules N, Ond Vz, with prmitive elements vi, and ve of  weight W, and we respeciively,

Ynen Vv N i wizwa.

Dfn 612 The weight W of the primitive element V is hrowa as e Wignest  weight-



pock of G.\\:  PApply .. Sinte Vi simple, N=W = WL, ondso part B  folows.

A) et ' we anctwer primitive element of weight w':  Then

also we w'- T Lo
()} W = w' and

W= w- Zeia fr some pi€ Tyo Bud
some Qi € Zyo. Twis 1 only possible if i =PpPi=0

$o V' pust be a scalar mulkiple  of

( he weight  space o w = <)

Q) IF VT Ve, smen  wi=wz  (twe wighest weight K bow).
Se¥ N:= \WwOV: and v:vieve . Tne pojecvion T: U 3\V2
nder he ockpa of L)
W= W)V, Neve Mot w(v) = va, and  v: Genecates Vzu, o Wlw s surjedive.

Nore  her Wlw = VoW €V, only eiemenys o  weight  w ia \,
vdhermlw . So  herfi = ViOW  dog

Conversely,  Suppose W= w,:we.
wduces a hommo'ph"s‘“ '“'lw A N,

+ However, Yne

are e savar
mulbiples  of  Vy. By}

not (ontain 0Ny nonzevo  elements
ok weight W, and 5o ViOW £V, By Simplicily iAW =0, and o Tlw s igyective.
T.6. W< V. yia Tlw. Similarly WV, = VU, ¥\
Theorem  ©:13:  Tor each weW¥ dnere s a Simple  WUI(L) - module o highesk  weignt  w.
Shekch  of pm*-.
ol [+ \o
Return 4o sQ2 x:(OO),\"(ole), H= °-l)
Proposition  6.15: Llet U be o "U(st2) -wmodule with primitive element V of weight -
L]
St en:z mY'(V e =o0.
Then (1) Heqa = W -2nen
()  Yen = (n¢)en+t
(i) Xen = (w =n+) €p-y VY nvo
pf - exeruse
Comllary  G-l6°
Cuwer @) (en)ns,o are an linearly independent
) the weéght w oF U s an iateger M0, and he elements  ©@)--,em are linearly independent,
and  em+y =90

pf: almost  imwediate



Coroliary .17 : if VU is Pinite dimensional +hen we wwust be in Cose b) of 6.lb. The  subspace
e,..,en iy invariant under L and we have the simple U(sl:) -modules we mer earlier. The

weights are  m, m-2, M-y, ..., —m, €ath  ywith yulbipliciy 1.
Thwm ¢.18: et we K¥ and (et V  be the stmpe WD) -module  of highest weight - Then

\ is Finite dimensional (= V [ 66*, wlha) € Ly

preof
=

it v s a primitive element for L, then ok s Pn'miﬁve for any o6f the subalgebras.

Reymember Xa,Ya, HaY 2 502 Vxed-

Bub  our  Knowledge of rtepresentations of sl
2 # N fin dim, then  w(ha) €7Z,,, (bg 6.lo/ b-R).

€ nob pwved here

Dfn 6.19:  The weights Savisfying  the condition  in  Theorem (.13 Ore inkgml  They are all positive
integral  Combinations  of  the fundawental weights : = wil hy) = §ij.

(recall  ha;=thi fo Simple  rors as),

The irceducible representations  with  highesk  weight  being @ fundamental  weight  heing & fundamental
Weight s a fundamental  repsesentation.

Example: Sln  rooks  are linear Fotems
Y a O
oii ( . ) —> A - )
Y o . J

g =0 (1))

23] Xi = ]

h;=('-|> Vi
f

Fundamental  weights

Wi(h) = A+ o +D;

Where |y is a diagonal mahix .



@ FINITE DIMEN SIONAL ASSOCIATIVE ALGEBRAS

Example : R = Ma(D) = nxn mamices over o division algebm P (ed D=H)

right  ideals are (generated by o mabix A

Then AR = i B : Columns of

® € rignt span of columns aal
In general, a right ideal IS of the fom

TB :  (olumns of B € right D -subspace of D" }

spoce of column s
. vettors with D enties.
Similarly for +he  [eft ideals:

A lef+ ideal is of the  Fom: i B: pws of B €

1eft D - Subspace of span oF  yow vedm}

The only +wo sided ideals are O and Ma(D). Thys

Ma(D) is a Simple  olgebra.

Din 31 : R is a simple (associaive ) algebm if its

only jwo-sided ideals are O and R.

Example : KG , K fied,

G Finite  group -
k- vedlor space  ywith basis  labelled by goup elements g€ G-

(2299)( ZTMg9) = ZV9

where Vg = ;Es"\“”‘k

Dfn %2 : The Jacobsea rudical J(R) is the injersection  of *he maximal (proper) right ideals
: P R
Noe: I is a poximal g ideal ¢ /1 is a Simple  vight R- module ,

R

2 Suppose et /1 is not a simple vight R-module: Then 3 a proper . nonxero submodwle 3. The preimage oF T under
the quotie map is a Proper right ideal of R containing I. So T is a0t moaximal

© suppose T is no moximal. Then 3 right ideal T of R containing I. The quorient map °.="'I "'R/‘S ten  has a nonicvial
Rernel,  which s QlSe # R/I. But Ker(g) is always o 2-sided ideal of g’x. Se "1 IS nor simple.
let ™M bea right R-module, and meM. Then #he annihilator of m ,

AMK(M) : irGR.= mr=o}
TO‘K

IS a right idedl , but not wece sgarily

a 2-sided ideal. & SE€ RyrcAmg(m), then mrs s05=0 o rsCAnng(M).

However, Anag (M) = MQA Anng(m)  (ann. of modwe) is a 2 -sided ideal.

et A= Anng(M). Loy rech, s€R. Then YmeM, mr=o = (MNsz0 > mlrs)=0 ¥ mcM > rs€ A o cignt ideas

BM Mis a right module, S° VSER, i meM then mseM. So if redq—, then Ymem , (ms)r=o = m(sr)=o
D ste A D left ideal

IF M is simple, +hen Annk(m) , M#o are

maximal  right ideals
see +hat

sine wR= M. So we can
M simple

right modules

= 2 sided (deal.

[]



Wwe can sel up & map £ R>M ;5 reomr, Then mR = M since m#o and s simple, and MR is an
R
ideal of M. In partioular, Ker(F) = anng(m). Now MY mR /Anmt(m) . But M is simple, S© n/ﬂlmp.(M\ is

simple, So Awng(m) is a moaximal right ideal

So i+ 13 clear then #hat J(Rr) € DQS'MQ\Q A""R(M)- To see +he roverse inclusion , \et Qe 0 AN\R(M}' and e}

I be any maximal right ideal. Then Bz is a simple right  R-module, so V o¢ne Flr , Xa=o by assumpkion

of what a is (spu;;;mug ae Amk(ﬁlx))_ In porfimslar, f£az0o s AEI > ac I(R),

lemma +2 Nakayama)

The following ave equivalent: for @ rAght idea I
() T ¢

(W) 1 ™ is a fiaitely 3emand R-module and NEM Sahsiying N+ MI=M  then N:=M
i) Yt4v: 2e1} =G i q subgroup  of the unit  group of R (R

’

Pf: example Sheet 4.

Remark (ii;) S J(R) s the largess 2- sided ideal I such that PARE! '-"'-eﬂ iS5 a Subgroup of RX.
Consequently if we defined 3(R) wsing maximal  [eH (deals, ~ we'd gei +he same +hing.
pfn 33: R is  Semisimple if 3(R)=ob

Example:  Ma(D) is  semisimple.
5 F - lFP CX]/ P
FG , G cyclic of prime oder p, then O = ( xP-1)

> 'S([FPG'I) s (x-\) wod (X"'l),

Lemma 3.4 =@ LletR be a  semisimple, finite dimensional  (associakive) Qlgebra . Then R is the
direck sum of fa‘m’l-e(y many  simple (righ#) R -modules.

proof - 0= J(R)= N § maximal righs ideals}

Consider R21, 72 1.0127 ... Wher e I) are maximal l’igh\r ideals . This  Chain wusk  lerminate
(Fin- dim) so thar 0= IR = T,ATLA.OIn, and we May assume n is  minimal.

Congider maps R — @ (K/Ij)
v —— (Fr+T,rer,,.0)
_a Nis minima
Note f‘-;-. 1) #° by oassumphon , and +he restriction of the wap ©O:R = r~/I.' IS injedive on _‘,ﬂ; 3;,

; . )
So 4he image in R/'I; iS nonzero, and so it is  fhe whie &£ K/;; $Hnce I1; s Simple.

R
Thus ToN... O3g Cocces pond ¢ o (&/1‘,0,0,...,0) ) II:‘ , Ond we see that & s surjective.
Thus ® is on issmorpwism  as kere = NTj =0.

lemma 35: e+ R be SemiSimple , M anY nonzes, finite dimensional R module, +hen M {s 0 direct sum
of simple modules



omplerely reducible R

v
M~ R semicimple as an digebra “> R semisimple a5 an R -module. Wow B the free R module 9 R s o completely

n
reducivle R - module, where wnz §# genentous o M. Oefine a4 map F: QIR = M, By Y M Tnen TS Surjectivey and

OR .
3 M = / Kev(f). wgut quorients o Govpletely reducile dre  complerely  reduuble. S M IS (emplelely c(edualle

Definition 3: M is (ompletely reducible if i} can ke  wilen as a diect Sum  of gsimple R - modales.

Definition =.3: The gode sec (M) OF & [inire dimensional R wodwle M is yhe Sum of all ik

minimal  (nonzer)  submodales-

lemma  3-8: Sec(M) = g meM=m7(R)-—«\

R
pmf'- each wminimal Submodwe M'of M is simple Qnd is E /AnnR(M) for ony me M', mdo

So TR € AnnR(N') ] MQ,,. AM,,(M) . Thus J(R)  annihilaes M and there foce soc(M)

_s somisimple
Conwersely, it m3R =0  then mR may be regarded as a 3(R) - module. So by 1.5, this is
Semisimple and <. a diret sum  of simple wodules. S wR € sec(m).
(.;Mmiml-
eath  minimal submodule M' is gmple, ondse M'
Debinition 3.9: The sode series of M: appars ;o J(R)= Q PAvng (M)
Ssimple V]
Anng(”‘\
0 € socolM § Soci(m)¢ it sec,_ (M #M

D (R) € Anngplm')

2 soc(M) & § meM: mIR)=0)

Where SoC; (M)/g = soc( M’:«;-.(M))

oCi~ (M)

Remark = L) The series wust terminate o M.
2 socy(M) = § meM :m3 o)

Proposition #:10:  Let R be a finite dimensional (assoiadived  algebra-  Then J(R)  is nilpotent
(ie 3Imel,, st TIM=o0}

praf.  let T: 3R . Consider R %3 % T %3% 5. | This wust jerminale , 3" = ™ A some .
So  the  Socle series Must  terminave, So R= soca(®)  for . Then 3" oppililaes 1, ond Se
" =o.

R
Now consider  +he Semisimple  Quotient Ixm).  Set 7 =0 gnd consider the endomorphisms  of
" (Ros a right  R- module).

Lemma 3-U: (Schur's Lemma)
\e S be o Simple right R-module. Then  Endg (S) is a division rig. If S, and S. are

Non -isomorphic  Simple  R- modules, +hen  Homg (S:i,S2) = 1ol

Note: S is a lett  Endp(S) - module



proof:  Let $-S =S e on R- module  homomorphism.  Then

cither B(S) o0 e d=0, o ¢(Y): S
using  simplicity ot S- TFurthermoe , Kerd is o

submodule  0F S Ond So either Kerd= 0 or kerd = S
Se if § to, then @ is bijective ond  has O vight and  left
Thus  Endp(s) s a division ring.

i nvevse.
IF S, Y S: and 0:S1 9% with ¢ 3o twen

Werg=0, Imgs S and
0 is an  Somorphi Sm 4.

Lemma 3:12 *  Regarding R as a right R-module (K“), then Trd(Re) TR via Muktiplication on
the 1 vy plements of R.

proof: ¢ € €ndp(h) , +hen § is derermined by o). The map tnd (RR) = R 6 — @) s
an  iomorphism ,  Noting  4hat  multiplication by @(1) on the (ki the endomorphism @
Theorem #:3: [ Arkin - Wedderbum) Lot R be a semisimple Finite dimensional
a field K. Then R = ékz , Where  Ri = Mo (D)) For
and *the R; qre

Qssociative algebm over
a finite dimensional  (division) digebm Di,

uniquely desermined. R has exactly r icomopuiom classes of ght  simple  maduled
St and Di = &nda(Si) | and olimp;(si) =n; -

Turfnermore W K is  algebmically  closed #nen Di=k ¥,

Remark: CG is semisimple fir a Pinite group, Qnd so the itheorem says +hat €G is  the diret sum of matrv

a\gebras over €, where the npumber o matrix 0lgebras is equal 4o the number of Simple  modules up to iso.
Collany 3- 142 it G is @  Pinite Group, 2(Ca)

i an r-dimensional € - vector spate, and r=# of
classes of Simple modules = # of cenjugacy classes-

1Somorphis m

prof. ony class  sum Eg:ﬁ, e 2(CQ). Pny element of L(CE) wwr be a \inenr Combinarion of c\ass sums.

The class Sums for the various conjugacy clasies ore a basis o 20€a). So dim (2CER)) = # of con). cSSEs A Gn.
r
B Aw > 2(€o)- - 2(MaC) , and  (Ma€) = § ser of scarar mutdces]

So  dim RCALG) = # of direct Summands = # of iSemorphism  classes. |:|



proof of AW)
isomorphic 4o @aCthokher-

(1-5) > e B a finite dicet  sum of Smple right  wmodules. Gwoup Yhose thot are
rS,, sa
Y Sin ¥ Sje it i)

Then MR = (Su®- S..\‘) @ (5:9..85,)e.. () »ySo  dhar  Sin ¥ Sit , bw

Le Ri: Si;@ - Sin; - Thus R =G Ri. Now let S be qa gmple R - submodule of RR.  Consider
pojections Wik R = Sik  resticted 4o S By Schur's Llemma, Trix|g is elher 2er or an  isomorphism .
Note +hat O So  Tikls is  noneero for exadly one i

(and possibly  various K), Hene we dedace W R is e Sum of al

Simple Submodules of Re Which are i morphic Sig ¥ S Ve)

(east one OF these  restriCtions must be noniew.

and dhus S has & lie in  Ri.
o Si,, and - is  wniquely determined  (recall

Mn(b"), where Di= €End g (SY) by (’-\-\l) Sthur . Tn  partiowlar,  Sthur

"l

Consider End (Ri) = Endg( s:.e--.es:,.;)
says taat Dy is a division algebra

Remark - ¢ec endp(Si®-- @ Sim) s represented by a matix (dme) where Pme € Wom( sie :S"\) . Mowever,

R = Enda(RR) by 3.12) , <o
m,lv‘) Q Q

Q Mn (o) 0

>
"e

oo .. 0

With  3em  blocks Since \-\om(S:n,Sjg) = 0 iF %)

Mn;(Di\- Tt break§ we a5 a direct summand

T4 s teft 4o Show hav dimp; (S)) = ni . Consider
a simple submodule T Tnow nytuplesy

of Simple righi modules ( 0 ) (91—-) . BEach of these qwves
o 2R
g Hene  dimp. (S1) = i,

N\ 7
e apart from I:’
one w

Example 6= S3, k on aigebmically closed Fied. Led g a twonsposition and W Q4 3-cyde-  In  (havk:O,

1 3 simple wmedules yp 4o iso™MOrphism (3 o njugacy classes).
module, where g, Oct 4rivialy
Uz = g trarspostion Gtk (ke -y, b acs Gke 1. (1 dim)

-t -t -\ -t
Uy = K? with g acting via ol \) ond h = ( \ o). 2 dimemsionol Taprelemtakan.

let WU, = trivial , 1 dimensional

A\l
representing wrt  basls {u,v} (ﬁgw module  (ctr cow  feMS
domoge of fal vasis  yeato)
w g: W—> -u-v

N =5 vy

h. W=—> -u-y
N —D W\

“u-v



In  characteristic 2-

(_A-| o G'l mod 2
U3 s shl siwple , L dimensional .

This gwes

7 -Simple modwes- So  Atia - Weddecburn = ‘c‘/'s(;c,.) H
Where  ni= dimg of the Coresording Simple  modules-

direct Sum of wmarix alogb s Mn:(k\.

S “hue ¥ wike M2 (W@ )
—— ?

% dimensional

, Gimp(KG) =6.

However, §= | +h+h2+49 + gh + 5\.’

= Sum of al  elgments . This is Cental 1n K&, and ¥':0 n ke since
chark=2. (¥*=e¥Yro) Bur ¥ central = YKG s 2 -sided ,deql D nilporent,
Svodim(T(k@) %1 5 "Yske) = M(K) @ MaX).

so ¥kG € I(KG) .
G I(k,6) = YKG.

And SM(KU\\ s s'&%KG)'- aj(Kfﬁ)-.o] = Slx‘. 1’6:0\

Notice g-1 € Socl k&) , Gnd h-1€ Sc(KG) . Hence
Sec (KG) = ker(kG — K); gp eement —— |, which is an ideal ©of codimensin 1.
Exerase: do Same fr Char3: TA-‘ ,E; are  non-isomorphic = 2 Simple Moduley, bLut ﬁ;
Fid  dim(3): &, and “/3ee) T MUK @ MCK).

15 no longer simple.



QUIVERS

Definition 8.1 - A quwer @ is a directed ( mulki) -gmph , with vertices  labelled oy i} and Qrows i—)
There is no reshiction on  # of arows between i and ). We aso allow  loops &)

Definition 8-2: A representation M of @ s @ direct sum of Vet spaces M; , ®@MiI | where i i5 the label of

vertices,  together with  lwmear  mwaps  @x ML > M)y each amw i

Example - -«
‘@z M=k Ox /0Y are ew mops
y M2z 0

Definsion  ®:3: R porpnism of representations is a collection of  linear maes
With  the  linear mops vepresenting e edges-

/
My = M which  (ommute

Definition %4> A oot of length €> 1 is a concatenation of [ (ompatible armws. Tor an amw i—)

Can define in Sour@ as i and *arger O3 - Two arws are compatble i the target of one S 4he swce of he omner

e_g‘ oD @ ——Dh & —D ©

A path of lengh 0 s just @ wertex.

P o length 2

Definition $.5:  The paw algebra  KQ  is & k-v.S.  with basis given by e paths, Ond ihe  multiplicarion

1 Siuen b\’ Concatenation of  (ompatible paths. IF  wo paths are incompatible, then aelr produck 1S M.

Example: x
<>
Y
pnlhs of lengl'h 0 : fe.,ez}
1 = {"l 19}
22 = &
products : %= X, ey=Yy, @€xX= 0, €y=0

e =0, ye. =0, XR2: w, Yer:y
1Y 2 Yn=o el: e, , €' 1, Riey = €1€1 =0

NOYR % pawms o length 0 (coresponding 4o vertices) give idempatents

Lemma €6
°) t@ is Clinite dimensiona] & Q is Ffinite  and @ contains no directed cycles
) IF Q@ is Fisire, en KO s Finitely  generated.

of O kQ P dim > 3 only Finitely many pahs.
b) note that k@ is ggmrand by 7. h} CMI!SpoMinS 4o uverkices agnd [} corresponding 4o edges.

In fact the comverse of b) is alse true. I:I



Suppose M is a representation

L.}

Thus

Notre

They

of our quiver Q: M= @M; and ¥3 an edge i—=>}, ten T ads en
by appleing O .

OMi  can be wnougmt of as 0 k@-module .  We gu a corespondence

S KQ -modutes 3 = { representations of @)

that there are  Simple  modules S & represenmimﬂzk ab vertex i L. g0 \ngps are Rer.
0 Otherwise

Qe non iSomorphic.

Tdea: Menerakets of KO are  vemies @iy

ond edges. Nove  ihat eje; = 8, and wei=
\$

Sowrce & wis €7, ond O ohherwise (weiting  (ompositisn reading gt lo left , 4o reflecd iheir attion

as  maps). The dentity o KQ is e +.-ten. By Hhic  €j€i =& fau,

we have thwat \ decomposes
as  the sum

n
V= @ eV
151 v
A\
X -
And fom dnis we can recover  Hae Attion ot the qu-w;lgd’e). Say -l°—>—'j , ‘then we can ware
< as ejwei. Then ejne; (Vi) : ejreiei V: eV € @5V |50 we can mink of
“ ow & \inear wmap Vi T2 \j.

we can saﬂnu whot  Simple modules would \odk \ike. |f we Viad say Vi and V¥, Yotk wezew

o V), jwen  (Rftaialy we wwld Whave a  cubmoduwle e.5.  V; @ \.OV;®(...). So ony
Wave one noativtal  \ij, and  cetainly oot of Uj =0 = ol maps are O.

T Vi & vea
sonple  KQ- maduhe, D \; = K.

The fact  thar  they're all  distined  ( nonisomorpliic) : H S and s!', sy 8=Si ond $'z 55, then
Vi 2 Vi cine 4mis  iga wust vespect Yhe  glecompusition Si=Sj, butiwj 3o ¢
o
Txomple: O.
] 2
Y
k@ < reptn MK, M= Kok B xM 20y 6y = M M2
2 —s (2/0) a+— (0,
Example: @ fisive, no directed cucles, and Simple modules as described befwe previous  @comple. Then  these
Si are the only <imple modules of W@-
To see  4wis,  Consider 3: ) Aen(si) = K-sean ot paths ok engn |
Wen 1" = k-span of patns of length  %r . Uone 3 neN s+ T"=-o0 S T s & pilporent ideal,
So T € JCKQ) sie I is  nilporent.  Clearly 3(KQ) €3 Hoem  the definivion  of  3( WGQ), ond
hence 3 = 3(KQ).
Cortesponding 4o vertices.
+ o ok kQ
Not e ¥05 * ke@-@K. gy ase *95: /J(m) Which i3 Sewisimple

the decomp ¥/ is unique and

modwies.

Si, tese (up to i)  must e all ¢F  them.

, S0 Adtin - Wwedderburn  Says inat
Coresponding  fo 4we  iso clasies o siwple
have ¥ vertices  gisint  Simple  ¥Q -wodules

# of summand uniquely derermined,

Rs the sum gy H vevtices summands, and we  g|ready



Definition  8%:  MAn algebra R has finite reprerentation fype if there are  only  Finilkely  many

indeco mposable
modules  (up o isomorphism).
Example @: 'Q"
Representation :  Mi2h Gn: M= M, ; 224 o a fixed MckK
This s Clearly indewmposable  ( 1 -dimensiona\) , and are nonisomomphic o those P different AL
So if K i infinite, +then KQ does not have Finite representation  type ( infinitely many reptns )

(E xercise:  rgmove K - finite reS{ridim)

(Exen:ise'. Show that if @ (ontains &  dicecred cyde, Hhen 3 iafinitely wmany  indecomposable  modutes (  whether

K is infinie o not).  Simdon cnphuction -

n
(Exucisc T Q 'C;?z . Shiw alss  hag  nfinely mMany  inde composable  repesentations  up Ao is).

algevrically Closed fields are infimit

/v /undﬁlaing gmph
Theorem 8.8  (Guabriel, 1932) : 1ot K be an algebmically closed fieid. A connected quiver  has a path algebm of

finite  representation type IF and only if its  underlying graph (ignocing  dicections) is of  type Ar ( ral),
dr ( r24) , Eo, €3, €2 ( #he simply loced  Coexter gruphs).
Remarks ' (1) 4wis is  independent of the diredion  of the avcows.

(d If we drmp ¥e  Olgebmically closed restdction, we can ged oher (oexter  grphs,

e9.
B, Cc, Fu, Gg,

3 the more general theoret i3 & classification o positive - definite Coexerer gmphs.

Given a  Coexter graph, we Can define & symmelvic bilincar  form on the IR- span of +he
verkiees  vi,---,Va  (50Y), which fum a  basis for Hhis

g = { 2 W ie)
)
—Ju; it i #)
7 o dicecton  3n  corxete gmph

where {;j = # of edges (onnecting the two vertices

Vedtor  space.

IF o Coexeter gmph arises fom a rwor sustem, Say A= o, ury of ret sysiem G, then

q';j = 2(“;"’(3) Symmenired version

- oF the Cartan wMardx
lot; | (51

Recall Hrat rook  system QT gives  Coxeter gemph with  \ertices the  slmple roors, and
# of edges beween & andp  guem by niew,p) n(p,a)

Recall:  n(pe¥) = 2(p,a&) k.
Cot yotl

D V\lq"‘,)n({‘n"(): q’("’iﬁ)(r"/“\ . ('l (ﬂ,("))l ) ‘l(N.[‘A 2
(o) (pap) \_«—\Tp\{ ’ \ )

\RHP\



Note that 3his matax s +he game as +he one  representing
This  wmwabix s +hertfoe  positive defraite Semisimple Lie qlgebms s;vc positive  aelinile  Coxeler gmphs-
Definition $.9: A coexeter graph  is  positive deFinite it the Symmetic bilinear fotn defined by the Qi I
ilselt positive definite.
lemma 29 : A (onnected positive  definite  Coexeter grph  with ¢ verries  has  that  the number of
paits  of vertices  jpined by at least  one edge =v-l.
.
ono!-. Let € = # of pais of  vervies joined by oF leasr one edge. Let V ® Z Vi, Then V#0, sine wasis,
and <O
0< q(v,y) = 2r z% i
(»
But %o i,j distine, Qij €0, and S0 (> T L = 5 hg v € } > <l
h,,«u
qt least 1
But  +he grph is (onnected, Qnd so  we must have e r-l 3 e=v-\
Defimtion 8-10: The dimension vector ofF a repre Sentation.
i)y € R ,
Z WimMjvi €R i = vertices, Vy,--ve bosis  C R
Theorem 8-l ( Gabrie!)  Suppose +he underlying  (oexeter graph of quiver Q is a Simply \aced Coexeter  Graph
of type Ar, br, Eo, €3, Eg. Then
the isomorphism classes of  indecomposable  representations positive moks 1n R" wet. 4= id.,...,ur}
dim(mi) simple Yoots.
M - Z 6{ — 3 ki
o~
Want this fo be tve rvoi-
Proof of ¢.3: I4  woakes wse of some reductions:
1) Given o Quiver @, vemove Some versices Ond  Ony Orw  with SOUrce or target  owmong he
romoved  veriices, o give Quiver Q"
Then it Q' has in€initely many indecomposable  representations (up 40 150) , +then Q@ doe3 oo
We  Could gut the Suospace O db  any of +he  rumoved vertices, and +he 280 map
ve presenting any removed armw:

Then @ has fin. rep hpe > Q' does vo.

o;
the inner product wet  bosis i\e(-.l' = GAB.



) Given Q,

Contract alon (3

an armw and identity Mne Source Ond target of Wae Grow 4 get @

eq. |® 2 contmct along N : O‘S
p)

Given @ representation o Q' we (an fum O representation  of Q by
the source and target ot the  contracted
map : So

putring the Same  vecror space ot
edge and represent
Q Ffin. rep fype S Q does wo

b5 the identty

ine  contracted edge
eq. ViTVir= K

8
x "
€9 O has infinite wep type = Q does oo

Y

P =9 2

v€ K (infinirely many)
83 S —
We Con wse  4hese fwo  sorts of  reduc tion o deduce that the wunderlying smph ot a quiver of
finite  vrepresentarion type has t be o  dree [ Without wultiple edges).
Now assume T, the  underiyng gagh ot Q, is @ bree. As  befoe, we define o Sy Mme Hric
bilinear form on R wirh bosis Vi,ooVe  (Corresponding 4o verkiees  1,.¥) . We defined  wrk-
bosis
2 is)
Y =

-\ ¢ i and j are adjacentin T

Qoing & show thar i€ we have a quiver w)

Sin eP" b4pe, wen bilinear frm vust be +ve det.
Suppose  Iwis 53‘“"’"'“‘ bilkinear form IS not positive definive  for contmdickion's  sake.  Then 3 nonnegative l
integers Wi st gle,w)< o

with v = 2 WV #F0 on underiyie
Sueh
Gualuating qQ(v.y) gives 23 ki? - 2Tkik) e qlu,v)ed o 2Z2vi? ¢ _ED_\:'(K_')
\L-oj . )
Thus 2 Z K* € 2 TWKj  where ij are odjocent in . So
v . ; S
5.&.': ¢ Zki kj o not  douvle (ounting ia Sum
i)
nQ Stops us double lounting.
Let Mi be o vecw space & dimension ki, ond M= @Mi. go V:Z RiVi is bhe dimension Vector of M-
Define o linear map Mi > Mj 4o epresent each arow it —). Concider isomophism  classes
of Such  presentations:  Two  representations are  isomorphic & there is an  auwomorphism  in
T aL(m) taking one fo the sher. “Then it §e alimg),
e .
W —N;
5i 3

Mi —l’ L] want this & (ommute So +his
e b of; botom map weHer be £y00 €'

So we consider e obits o8 T GL(M;) ea TV \-\m(“-‘,“\ﬂ - Bur T.‘TG'L(M") is an alogbraic  vaviehy
l—’)
&  dimension Zhi®.

octing Qs ia ‘we Square

TGY 'S in nee

52 A1 d 1€GUM)
these are the idenvwoy, Same A
§ca\asl

fr a1
1\



reductions

Similarty  TH Hom [ Mi, M) i5 an algebraic Variehy of  dimension 2 kik) Moreover +he  Scalars in T aLmi)
i)
act  Wivially oa  TMHom (Mi,M;) ond so achally have an oction of T GLIMi)/ scarars with  dimension  Z ki =1 .
b ok at (ommuting  sguare + presious  blue Comment

By B s dimension £ dim ,:‘1) Hom (M, M), rememper ) : iQti)lg .2_,; kik) o ZLK:)’-I < _E') Kikj

So We yvust have infinively many obits, and S0 we have  inkinitely Many  repns (up 4o 10) with this
dimension  vector T Wivi . And  dim (M) = ZhKi=€, say. Bur if Q is of fin. wp hype, there are  oaly
Plaitely many  issmorphism  classes  of  cepesentodions oF  dimensten 24 S0 Q@ cannot  have fio  wep- Ype.
Obecoarse  Huane's oaly  Frantely waany  indocomposasle ones. - all rgp?ei;\e':ri:kmg are f\:::'.xc (permaps bavial)
# {wdecomposable repeesentations.

underlying gaph of a quiver of Finite rep wupe .
I,SO simply laced

We've Shown  that T has 4o be a positive definite  Coexeter graph without mulliple  edges- Our
dassification o semisimple Lie  Algebras of bspe At, Be, Cr, Dr and &4, E3,Eg, Fy oand G2
was ochually  arising  from the  Classificalion  of posiive  definite Coexerer gamphs-

Thus,  For @ o finite rep typ, we are restiding to tne  simply \aced smphs on  our \ist

An aside- Suppie  we  have a (oxerer graph C that arses  pom a roob susiem G. Then  C is croanecred
W s jreduuble. Ao, i simply laced & Cisa tree

1 veducible +hen  obviously disjoint. \f disjeint, Can partition base A4 :A'u A" ,\where A' fom one omponent

=N i = "
ond 4" fom  the  other. et @)' = WA gnd O T WA".  Then 6= @'06 © To see this is  achally  digpoint,

nole  that by table  n(¥p) - nlp;": 0 fr oe 4' and pea’, s (v#) 0. But (-s-)is invaviam yunder W

Sine W is generaded by reflections ( inner ped- preewing). So Yoed'  ped’ (aplco so we mave acally
|
é: é'l-lé','.-e- 3 reducible. S;mply laced <= tree  coves fom table.

The Sl:mlegg foc pving  ¥he Classitication of posivive definile  (oexeter graphs is similar 3o what
we wee doing  carlier o get oown to a4 tree.  that theye  of gpe At Br, Cr, Dr, Fy, Gz, Ee,Ca,Cr

\ . f
thint avout gsmall  cases First- eov:m:‘: .q tr
Skp 1: The only connected posivive  definite  Coexeler grmphs with 3 yertices ace

or ._O 2 verties - triple edges are
——

as £ar as you (on oo

L Step 2 it Q@ 1S a posikive  definite quiver With an edge, 4men we can Contract  the edge o

Jive o positive definite  Coexeter gmph.

® e, Gm———mg , . O — @cceoc®@ e O

Contract  geeen  edge

Similarlg it -< iS part of a wvalid gaph, then | can ceplace it by O

—a—e
——

Slep 3: caft have : . - .
rule oul parkmlar
g raphs . < 0\ I ~




remember:  simply \aced
Step 4 Show we're dowa w a lisk At, B, ©br, €o,E3, €3, F4, Ga. FE tree. So  pob simply
laed guys ore Br, Fy ond Gig,
Rlternalive pmof:  use representations  throughour  (Pierce's book)

samg as €l bul numbernq  ymested up a4l -8

P
Theorem .12 (Gabriel) @ Quiver,  underlying  Coexeter 3mph which 1S simply taced + posivive definite. ie.

Aey Or, Cu, €3, Eg). Then > arising from some oot sysem.
1Somorphism  cassed of Finire
dimensional  indecomposabie & i?osinve ks in g"}

represenhﬁnns of Q.

the isomorphism classes of indecomposable  representations €  positive moks 10 R" we. 4= id.,...,u.}

dim(mi) Siple. Yooks. remember we CAn think
M - Z@ﬁ — Zki 4 Sucha vepT oasa
> K Q@ module ula
want this to be tve rvot- a("ond“ v";:::ed
o 0 1ol . o and e Q 9
dimension  vegors 2 WiVi e 2R oA simple rwots . Twus kQ has finite represemation 4ype. eds
Then we  know since 3 Finitely many +e weors, there are finitely many iSo Classes of fin. dim. indecomp. eps- of Q. 1.¢- K@ has Fm. rep?
wype.
Bist of al we need 4o 4hink about  pumberings of  yertites - We woant 4 use o well chosen one  dependent
on  *he  diredtion of We  arews 0 Q.
pefinition  8.13 A verter ot Q is Q sk W oal e Grmws ™Meelag it have the  yeriex as ¥he
farget  (mob  Shart  of any arows)-
R verrex is &  Source it ol e owmows  meeking { have fhe  verieX &y ¥WR SourcR.
Clearly any  finite quiver wWithout  dicected cycles has  sources and  sinks- definitely  was, lut nor  necessarily

Quewy verteX Rither @ sk or gource.

Definition 314 Given a quiver @, define a new  quiver  SiQ  with the  Same  Verlites but  with
fhe  Orientation of ‘e anows meeting vertex 1 yeversed.

] k2 3 3
e S S
Example @ 9
1 2
' 3 3
L S =
$2Q 4
\ 2 3 cleorly need <2, and 2< 3.4
s\ Q —_——> 1 a source, ond 4 @ siak (3 altoa Sink bu whatever)

We can  nuwmber e  vertices L, ¥ So dhat €]  Ror any  Orow  which  goes i=3.  And So veriex 1
S a Soure, and vertex r i a sink.

Definition  &.15: guch &  numbered quiver s @ standardised  quiver-

lemma  ®:lb: Tor a slandardised quiver Q@
D W Ve¢)<er, smen § s a sink ond Jt) is a Source of +he Quiver $j Syt S25 Q

V ik 1<jLry,  4men j s & source ond -1 is a sink of e quiver $) Sy+1---SrQ
3) i $152--Sr@ = SeSea....5.Q=Q



+
txample: Q : N 3 \*’/
‘ ’ \\,\
: 3
Take j='~l-- Then
SuSyStS$ B
(1) Sy¢sssesi@ 3
. S ¥ “’/
— '\ \
: 3

Then we see  +hat 4 betemes QA  Sink  and 441 = 5 pecomes a Source.

And

(2) S4Ss Seu 52 Q : ¥ _©

»n

Nw ¢ B a Source and 4-133 IS @ sink.

Tinally:  can  wn through $356 58 S¢Sy $aSiQ = 5,528 ySussSes3 @ = Q
we hove on Orrow

P“"’c‘ folows  fom Q being stondardised, and +hat i j,,...,')s are distinct  vertices hen 1 —) in  $5,5j,.-5)s Q

it eidher ¢ i —) in Q and Qither None or both OF i andj appear  among e  ),,...,3s
o  * i) in Q@ Ond exathy 0ne of the i Gnd) Gppear among the ... 73s

Pt 3 nae Fhat both  Si,...,Sr and Sr,---, $i  have  reversed  oritnkation  Of  eath amow twice : i) reversed
by Si and Sj

Definition  8.13: numbering of vertices is admissible i for eachj, J is asink of Sit Sjer .- 5c@
Lemma 2:18: There is an  oadmissible  numbering for tne vertices of Q (FF  has no directed cycles

P'"?= 8le  4ells Us that a standardised  quiver has 0n  admissible  numbering.  Clearly i we do navwe o

directed  cycte  +here isnt Gn  admissible numbering

L
S F @ has a dicected ycle,  say ----Q , en 1 is  gimultaneously bovh o targel and a Source , so

° ..
Can newer be a4 Sihk of a Source ( ¥ omws with { an end).  Same gues fo any dicected cyde L2

™e fiot part Shows fom  lemma §-1o  part 2, Lnich sags that § i A sour  of §)---Tr Q@ N (<jer, and 5o
Sjt1--- Se@ must be a Sink v l¢<yer.  And certafaly when =i, S1=Sr@=Q , and | is a4 source of Q,

o L IS a s1ak o S2...5rQ.

Exercise: Si"e" two  quivers Q ond Q@ With  4he ome underlying 9mph Whith S a 4ce, Hhen  there is  Some
Choite  af i )5 Sucth  that Sj, - Sjs @ = Q'



Now suppse j is a sink of Q.

+
Definition 19 We define  fynctors 8.+ Q -representarions —> S, Q - cepresentations

S S3Q - representations ——5 @ .representations

Given & cepresentanin ot X, N, ot ‘5;(“) W where Wi =Vi for T ¢) sameé k-Vedor spaed for each
verteY i#j; bub we weed wopsia
fovene direction and so we need
to change  \ij

ond  Wj=  hewet of §= ® of maps representing  the OGrows  wivh  Farger )

inc ¢
we e a map O—Wi— Qv —vyv (1) Wj = Rer(d)

i)

Picture o wove in  mind: cay we have

> ¢ then 5@ e e 5 o
i J 3 ] J 3

TF IV V) Ne, @iV, Y VeV o rep® of @, men Lake Vi, Ve, and We= Ker® @ kerV ¢ Vi@ Ve | 50 we

Se\ naturd)  projc  Waps Pt \N', CVi®Vg —V; and prr: W;c ViOVe = Ve,

Note  *hat  there are Obvious maps \Nj = Vi= W for each 1 where i—=) inQ given by ppjection (W'l is
0 subspace o8 8.;Vi) ond werfoe  fuwr each @ st j i a 5;Q-

Sv W=@OW,;, is q rpresentation  of )@ ( for  other armows Wwe represent by the same paps  as before for Q).

The  Punctor E’; is the dual of this. Given a  repregentarion W oF SjQ, (e+ VizWi if i) Set

Nj = C(ohernel o the Z of ihe wmaps representing  Qrrows  with  Source  {n $)Q.

v . .
We have a wmap wj = 32 Wi = Vvj =0 (++) dont gel (onfused : W‘QP!} ¢ 5Q
ins;Q
Voep® of Q!

Again , picwre ¢ have in mind: oW S5 Q@  has ) & Soucce:

SDQ ——r—>— Q : ——o &
i 3 x ; 3 k

Sy we  fave  rep™ T Vi,Vj, Ve, RV N, v Sved . Then R @ we can ke v ,Vr as pefae,
bt Py ) now we take Wj: = Z cokernel of  maps guiag o o Uj = Comer (@) @ Cokee (Y) € V; ® Vg, and se
owl (omspondin_t, homomorphisms  are T guess moayhe eshitkion o the (okernel ot each (omponemt 9§ '.nmding

1 guess waybe .

2

into  clirett (um.

1€ V is o representation of @ for which @ in %) s Surj ective, then ‘33 Sf'(\lhv, So (i" and $5'

give a  calegedcal  equivalence

repas ot @ for repns of 5@ for
whith ¢ surjective — whith ¥ injective

in (B in (+9



indecomposable  representations V of Q. Either ¢ is surjective in (ﬂ, or V is Fhe  jeeducivle
® s noY surjedive, then we have
cokergd Ot

Now  Consider
Vizk and V., z0 Otherwis .
J "€ Twis Pollows since i
which gves us a  repl  uh
ex(eption o rhis W Yae

1. dim representation  with
in V' and V" = cokerd ,

G is sujeciive
9. e ony

¢ V iy o decompssovie rep®
Coccesponding %o \l:)- % ond 0 everywhere

a sphitting V = V'ev" where

and 0 at al  ether yerrices-
o Simple KQ -module,

verey
else.

case whwere Vs

So we've  Shown

.20 ‘temma- S)” and §)* give a Lijection \etween
Tndecomposable rep“s

inde composable rep?s
& $)Q F jrreducible

o8 Q # iredudble ¢
rep® of dimension |

\-dim@ epT conentated

Concantrated ab vertex | at  vertey

KQ \Was Piire oep” bype ( was  Finitely many  iSomorghisn  Ll0ssey  of  inde Lomposavie  %Q -M«iulcss

£.2  Covllary:
KS)Q was figire  c0p® ype

W and oaly if
that ¢ @ and Q' wave ine same  underlying graph  Wwich is q tree,

Combining with exerise , we see
ond o wherher  Q has finite  rep® type

Remark :
ien  can 4ot Aom Qe @ by applying  Sowe  sequemce o sj's,
depends only sn the undenygay Gopk of @ ( Edther  both @ and Q' wave  Fin.  rep® bype, o neither wave

Gin  vep® bye).
Now we consider dimension vethor-  Given | @p? of @ with ¢ surjettive, then
dimWj = 7 dimv; - dim(V;)
i) by rank nulhiby.
inQ

dimW; = dimV id)-

+
gj sends dim \ethr of Vb S & (dim vecror o6 V) ,  Where  Saj
fact +that  our reot system

'\(a'!\ ==l Jeo

Then e effect of apph,:nj
IS ceflettion wevr  Simple  wook

(aced (n(d,p) : oalpe) = 21

i Simply
Salp) = p- nlpA)x = ped.  Then T Hhisk  you Just

(oresponding &  +he vevkex j, using the

oand {n pavrimlor for a reduced Sysem we wawe

run roughh  cale ond  rtgeup.

Definition 8.22: A Coxeter element ¢ of 4he wey'  group &( 8) i one which is a procduct  of each  Simple
reflections  exactly  one, i Qny order.
The  Coxerer glements are ot unigue, but vhey are ol conjugate, Gnd hewe of the same order, coalled +he

Coxeter number kW of w(@)
imelmitits,
h= rank r , oand so vhe dinwnsion of the Lie algebra ossociated with & * # of oovs v
= hrtr =(h+0"-

In porkwiar:

dimension of space

(‘n W using duality

see  lemma u4.as and 9T 41F dim (L) = dim(H) + _}4 dim (La) = ¢+ #ob roors '“\Elw?:::q-

we recall that  the Wi span +he dual space K¥, thas our Sucidean space wirn  (op) = <b‘-‘u,h“p7‘d m"'\“"‘;dﬂ
Woa

Where



Example : ¢ type Coxeter humber
Ac rl — Ccoxever element ® (r+)-cwle i Seer ¥ W(Q)
Br 2
Cr
Dr r-2
€o \2
(%} 18
El 30
Te }]
G, b

A Coxeter element C  has no nonxem fixed poinh in R - Given a noner  VER', 3 C’(v) which is not positive

r-l
. . 2 ays that
(otherwise 57:-‘ c3(v) would be a nonrer piced vector in R'). have o basis, and “wet an

coefficiens can be wnonned.

Definition 8-23:  Suppose I, ..,r is an odmissible  numbering of the verties of @  (recau verkex j s a siak f

Sju.. S Q). Then the Coxever  Functor  wet 4his Numbering iS  the Ffunctor

+ + repins repins
6*” §. §, d .;PQ % Q (tach arow is being
revensed fwice )

= - - . repins repins
e = 6' oee gl * OFPQ - ’0; Q

4
1 things to netice: (D) St wpls ek @ > repts o S.Q usng  Fatk that ' is asiak b-C of numbenag

> S o ﬁP“S&Q —  cep?s ot 5,Q using  fact that | is a source
ard e can do inis  proes h\dutﬁvelsz j“ siak R Sjti... Se @, and § a source foc Sjer.-SQ

t
33 :,q,'ls o SjY...5@ — sjgj,,...g,Q

imilarly %J P d g0 @ 2 sjgiei SIQ

lemma 24: Given Gn indecomposable  represemtation  \V of @, Either
B €€ (v =V, o
W E*(v-=o

In case G), +he effect of doing €1 ot +he level of  dimenson vectors, we get

dim- vector.
dim. veor of CH(V) = Sq, ... S“r( of v )

+
proot:  We ged case (@ if any of 4me G_j:\"' G, (V) is the |-dimensional representakion  concentmted at veriex j.
“+ .
Then  applying §j gives zem. Otherwise we are in (ase G).

case (ii) makes fense . remember  applying Sj" Sive.s us ap W 55..Q with W, =V i#],
and  Wj:= O Ker (9) where ® are  tme maps  going ‘Ui V) representing dicected edge | ). S

then W, ¢ % Vi, and if  the  prewitus ep™ thas Vizo Ni#), ¢then W was Wi =0 Wi, 50 w=o

i:l'-’j
i€.@

. . -\
oterwise  Reep 9009 (1 guess  using surjectiviy) . can  rRlover UV ysing S Pundors, sv we Wave to

hove dwar CE€ (V) =V

]



Theorem g.12  CGabriel) @ quiver, underlying  Coexeter graph  Which s simply taced + posiviwe definite-
Ar, Or, €u Ea3, €g). Then
\SomorpWism  classes of Finive
dimensional  indecomposable e iposi\»'w! o3 in w:}

rqrw.nm'ms of Q.

the isomorphism  classes of  inde

e positive moks 10 R" wet. 4= Yay,..,% Y

P I P tations
dim(Mi) Simple  Yooks.
Moo @ e wE)

Proot o Theorem 8:12 ( Bernstein - Gielkand - Ponamarev  1932)

Choose an admissable numbering  for +he vertices of @. Let €V be e Corr esponding

Coxeter funcrer  Sending
repns o8 @ - repns of Q- Let

¢ be the (orresponding Coxeter  element, S« - Swy € WCD).
indecomposable  repn  of @, with dimension vecwr v

Suppose we have an

vemember  4he vertices QM fom the rods

H\m
From the abee, there s Some w1 such vhat  €™(V) is nol posie.  So by §.2%, (C) (v) =o.

+
The idea is that € gonds s @ & @p2Sof @, ond in  paraar,

dimenSion (eCtor of C*(V)

Sat, - Sae ( dim vecrer of V)

T Soty ... Sae (V)
c(v)

generalising, dimension yeckor of (e*)"‘w) z <"(v)

Dimension vetors nave by dfn  nomnegamive  cotHidems, and so i C™(W <o,

ot (C*)M(V) 0 o (C*)M(V) Q-

2 c™(y): 0. So dimension etk

minimal

Choose m as gwal as possible  with (C+)M(V)= 0 . Thus for :ome‘j,

+ + m-
gj“ g, (Cf) (v) 3o O happens somewwere in  the \ast 6*

Bu+ 5,-*6;,. 5:(6.) "-l(V) =0 swmallest  possibie

(ondition.
+ 1) m-
Thus by g.20, 5,‘.. 5.-‘ (€ )'“(V) * |-dim@ repn Conentrated at verex ),
e m-l o Vy = dim-  eUes for
v = (€e) Se - 51“ (1 - dime repn concentrated ab vertex ). 9 -dim epT with
Vjz K and \i=0 vigf,
Thus e dimension vector v of V is ¢ ™"

Swp -+ Sy (4) | @ positive ot = wis 15 o dimension veddor soas b be gostve
(and is non pavial)
ed*

Mente , we've shown twat i we have an indecomposavle rc?'l of Q, anen

the dimensisn uecror of the BT gives s
q Posi)iw. root € Q+ h5 thinking avout the  Coxeter  funtrts  and

the  Coxeter Clement Ossocidted ' the
admissip\e numbering of Q.  Tsomorphic

rep®3 give the fame olimension edr , S wwe get wae Fist diceckion:
of e Corespondence

Tsomorphism  classes

of Liaite dimensional — %pos'\me wc*sg

indeComposable p®s

¢ Q



Note +hat 3he argument  ghows +hat  any inde composable repn  Wwith the same dimension  vechr s actually  iSomorphic 4o V-

Conversety, & V is a positive 1ool, +hen Some C™M(Y) is no  positive - Chosse 4he shortest expression of the fortm
Suj--- Sar €™7(Y) 4o be not positive. Bur  Swjur --- Sar CTCY) s positive.  Thus, Swjer - Sae CTCY) =

(usig 5:R d), a simple reflecion S« permutes +he positie nos  Fo  Ond sends & - ).

\ -dimé rvepn )

bl R - ntaared .
se (€ ) '3, Gjﬂ (“.,“,‘:mi o Qives an indecomposable  representation  of cimensbn vectr \



